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BBEJEHUE

B coBpeMeHHON Hayke M TEXHUKE MAaTeMaTH4YECKHE METOJAbI MCCIENOBaHUS,
MOJICJIMPOBAHUSL M TMPOEKTUPOBAHUS HUIPAIOT OOJBUIYIO POJib. DTO OOYCIOBIEHO
TaKkK€ OBICTPBIM  COBEpLICHCTBOBAHUEM KOMIIBIOTEPHOM TEXHHMKH, KOTOpas
pacmupsieT BO3MOKHOCTHM NPUMEHEHHS MATE€MATHUKU IPU PEIIEHWH KOHKPETHBIX
3a/1ad.

Kypc Marematuku sBIsS€TCS OCHOBOM MaTeMaTH4ecKoro oOpa3oBaHUS
CTyJ€HTa, HMelonleil  Oosibllioe  3HA4Y€HHME  JUIsl  YCHEIIHOTO  M3Y4YEeHHS
OOLIETEOPETUUECKUX M  CIECUUATBHBIX JTUCUUIUIMH, KOTOpbIE MPEeI1yCMOTPEHBI
y4€OHBIMU TUIAHAMU PA3JIMYHBIX CHEIUATBHOCTEH.

Meroauueckue yka3zaHHsT W KOHTPOJBHBIE 3aJlaHMsl MPEIHA3HAYEHbI IS
CTYyJIEHTOB 3a04yHOW Qopmbl oOyuenus. llens mnpemnogaBaHus MaTeMaTHKU -
O03HAKOMUTH CTY/ICHTOB C OCHOBAMU MAaT€MaTUYECKOro arrnapaTa, HeoOX0UMOTO JIJIst
pEUIEHNs TEOPETHYECKUX M MPAKTUYECKUX 3a/ad; MPUBHUTH CTYJECHTAaM YMEHHE
CaMOCTOSTEIILHO U3Y4aTh YUEOHYIO JIUTEPATYPy MO MaTEMATHKE U €€ MPUIIOKEHUSIM;
Pa3BUTh JIOTUYECKOE MBIIJICHUE M IOBBICUTH OOIIMI YpPOBEHb MaTeMaTHYECKOM
KyJbTYpBI; BbIPAa0OTaTh HABBIKM MAaTEMaTHUYECKOIO0 HCCIEAOBAHUS TPUKIIATHBIX

BOIIPOCOB M YMEHHUE MEPEBECTH 3a/1a4y HA MATEMAaTUYECKUAM SA3BIK.

METOJIUKA U3YUEHUSA MATEMATUKHU CTYAEHTAMHAX
3A0YHOM ®OPMBI OBYUYEHUSI

VyeOnas aucoumuinaa «MaremaTuka» BXOIWT B MaTeMaTHUYECKHH W OOIUi
€CTECTBEHHOHAYYHBIN UK.

Henn w 3amaum AUCHUIUIMHBI — TpeOOBaHMS K pe3yjabTaTaM OCBOCHUS
JTACUATUTUHBIL

B pesynbrare u3ydeHus 00s53aTSIIHPHON YaCTH MUKJIA 00YyJaOIINICS JOJDKCH:

YMETh:

— BBINOJIHATH ONEpAllMK HAJ MaTpUIlAMM M PEIIaTh CUCTEMBbl JIMHEHMHBIX

YpPaBHEHU;



— pemiaTh 3a/1ayy, UCMONb3Yysl YPaBHEHUS NPSIMBIX U KPUBBIX BTOPOTO MOPSAKA
HAa IJIOCKOCTH;

— IPUMEHSTh METObI MU PEPEHINATTBEHOTO U UHTErPAaJIbHOTO UCUUCIEHUS;

— pemath auddepeHIanbHbIe YPaBHEHUS;

3HATh:

— OCHOBBI MaTeMaTHYECKOr0 aHalu3a, JUHEHHOW anreOpbl U aHAJTUTHYECKOU
reOMETPUH;

— OCHOBBI TP G EepeHIINAIBHOT0 U UHTETPAIbHOTO UCYUCIICHMUS;

OCHOBHBIM BUJOM pabOTHl CTyJI€HTa 3a04YHOM (OpMbI OOyUEHHS SABIAETCS
caMocTosITeJIbHAsE paboTa Haja Y4YeOHBIM MaTepuajoM; OHA CKJIaJbIBa€TCA U3
U3y4YeHHs] Y4YeOHOW JUTEpaTyphl, pPEIICHHs 3a7ad, BBITOJIHEHUS KOHTPOJIbHBIX
3ajaHuil. B moMonips CTyieHTaM KOJUIEAK OPraHU3yeT UTCHUE JICKUNN, TPAKTUYECKHE
3aHATUSA U KOHCyJIbTalMu. OJHAKO CTYIAEHT AOJKEH MOMHHUTbH, YTO TOJIBKO IMpPH
CUCTEMATHYECKON M YIMOPHOW CaMOCTOSITENIbHOM paboTe MOMOIIb KoJulemxa OyneT
10CTaTOuHO 3P (PEKTUBHOM.

3aBepmiaromM JTalloM HW3Y4YEHUs OTAENIbHBIX 4YacTed Kypca MaTeMaTHKH
ABJIIETCS Cllaya 3a4€TOB M 9K3aMEHOB B COOTBETCTBUU C YYECOHBIM IIJIAHOM.

1. 3ydenne yueOHON TUTEpaTyphl

1. U3ywyas martepuan mo y4eOHHKY, CJIEAyeT MEpPEeXOIUTh K CIEAYIOIIEeMY
BOIIPOCY TOJIBKO TOCJIE MPAaBHJIBHOTO MOHUMAHHS MPEAbIAYIIET0, MPOJebiBas Ha
Oymare Bce BBIUMCIICHUS, BOCIIPOU3BO/IS UMEIOIINUECS B YUCOHUKE YEPTEKHU.

2. Mzyuas marepuan yueOHOM JTUTEpaTyphl, MOJIE3HO BECTH KPATKUI KOHCIEKT,
B KOTOpBIH PEKOMEHIYETCS BBINUCHIBATH ONpeeseHus, (GOPMYIUPOBKH TEOPEM,
dbopMyIbl, ypaBHEHHS | T.II.

3. BoiBonpl, mody4yeHHBIE B BHUAE (POPMYJ, PEKOMEHIYETCS B KOHCIEKTE
MOMYEPKUBATh WM OOBOJUTH PAaMKOW, YTOOBI OHMU BBIACTSINCH W JIy4Ie
3anoMuHanuCh. OMNBIT MOKa3bIBa€T, YTO MHOTMM CTYACHTaM IOMOTraeT B pabore
COCTaBJICHUE JIUCTA, COJEPKAILEr0 BaKHEHIINE W HaubOoJee 4acTo ynoTpediseMble
dbopmynbel Kypca. Takoil JUCT HE TOJBKO MOMOTaeT 3alOMHUTH (OPMYIIbI, HO H

MOJKCT CJIYKHUTb IIOCTOSAHHBIM CIIPABOYHHUKOM AJIA CTyACHTA.



2. Pemenue 3anau

1. W3ydyenue ydeOHOW IUTEpaTyphbl JOKHO COMPOBOXKAATHCS pEIICHUEM
3a/1a4, JJIsl 4eTO PEKOMEHIYETCsl 3aBECTU CTEIUATIBHYIO TeTPa/lb.

2. Perienue 3aady U IpUMEPOB CIEAYET 3aMKUChIBaTh MOJPOOHO, BHIUYUCICHUS
JIOJDKHBI pacrojiaraThCs B CTPOrOM MOPSJKE, MPU 3TOM PEKOMEHIYETCS OTIENSATh
BCIIOMOTATEIbHbIE BEIYUCIICHUS OT OCHOBHBIX.

3. [TonyueHHBIH OTBET CIEIYET MPOBEPATH CIIOCOOAMU, BHITEKAIOITUMHU U3 CYTH
nanHou 3amauu. [lone3Ho Takke, €CiM BO3MOXKHO, PEHIUTh 3a/ady HECKOJbKUMHU
croco0amMu U CPaBHUTH MOJTYUYCHHBIE PE3yJIbTATHI.

4. Pemmenue 3aa4 ONpeeICHHOTO TUIIa HY>KHO TTPOJIOJIKATh 10 MPUOOPETEHUS
TBEPJIbIX HABBIKOB B X PEIICHUMU.

3. CamormpoBepka

[Tocne u3yueHus onpeneeHHON TEMbl M PEIICHUSI TOCTATOYHOTO KOJIUYECTBa
COOTBETCTBYIOIIMX 3a7a4 CTYJICHTY PEKOMEHIYETCS BOCIPOU3BECTH IO MaMSITH
onpenenenus, GopMmyibl, POPMYIUPOBKU TeOpeM, IpoBepsis ceOsi KaxAbld pa3 1o
y4eOHHKY.

WNuorga HEZ0CTaTOYHOCTH YCBOEHHUS TOTO WJIM MHOTO BOIIPOCA BBIACHSIETCS
TOJILKO TP M3YyYEHUHU NajbHEHINEero marepuana. B sTom ciydae Hajo BEPHYTHCA
Ha3aJl ¥ TOBTOPUTH TUIOXO YCBOCHHBIN pa3ied.

4. KoHCcynbTanuu

Ecnu B poriecce paGoThl HaJ U3YYEHHEM TEOPETHYECKOTO MaTepuala WiH Mpu
pelieHnd 3a7ad y CTyJE€HTa BO3HHUKAIOT BOIPOCHI, Pa3pelIUTh KOTOPHIE
CaMOCTOSAITETIbHO HE YJAeTCsA, OH MOXET OOpaTUThCS K TMPENoJaBaTeNo s
MOJIYYEHHUS OT HETO KOHCYJIbTAllUU.

5. KontponwHas pabora

1. B mpomecce wu3ydeHuss MaTeMaTHYECKHMX KYypCOB CTYIEHT JOJIKEH
BBITIOJIHUTDH PSAJI KOHTPOJIBHBIX palOT, TJIaBHAs 1I€JIb KOTOPBIX - OKa3aThb CTYAEHTY
MOMOIIb B OCBOCHUHU JTUCIIUILINHBI.

2. He cnenyer mnpuctynaTh K BBINOJHEHHIO KOHTPOJBHOTO 3aJaHus M0

peuicHusda OJOCTATOYHOI'O KOJIMYCCTBA 3addad II0 Marcpualay, COOTBCTCTBYIOLICMY
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JTOMY 3aJ1aHHUIO.

OnbIT MOKa3bIBAET, UTO Yallle BCEr0O HEYMEHHE PEIINTh Ty WM MHYIO 3aJady
KOHTPOJIbHOTO 33JIaHUS BBI3BAHO TE€M, YTO CTYAECHT HE BBIIIOJIHUII 3TO TPEOOBAHHUE.

3. KoHTtposbHble pabOThl JOJIKHBI BBIMNOJHATHCS CaMOCTOATENbHO. Pabora,
BBIITOJIHEHHASA JPYTMM JIMLOM, HE JAaeT BO3MOYKHOCTH IPENOJABATENIO-PELECH3EHTY
yKa3aTb CTYJEHTY Ha HEJOCTaTKM B €ro pabore, B YCBOGHHMH MM Yy4eOHOTO
MaTepuasa, B pe3yjbTaTe 4ero CTYJAEHT He MPHOOpeTaeT HeOOXOIUMBIX 3HAHUU U
MOKET OKa3aThCsl HEMOATOTOBIICHHBIM K YCTHOMY 3K3aMEHY.

4. KoHTpoabHbIe paboThl JOJKHBI OBITh BBICIIAHBI B YHUBEPCUTET HE TIO3/HEE,
4yeM 3a Mecsall A0 Hadajna ceccud. CTyIneHThl, BOBPEMSI HE BBIIIOJHUBIINE
KOHTPOJIbHBIE paldOThl, K JK3aMEHy WM 3a4eTy JOMYCKAaIOTCA IO YCMOTPEHHIO
[IpenoaBaTes.

5. IlpopeueH3upoBaHHbIE KOHTPOJbHbIE pabOThI BMECTE CO BCEMHU
UCTPABICHUSIMU U JIOTIOJIHEHUSIMHU, CJEJIaHHBIMM TI0 TpPeOOBAaHUIO PELEH3EHTA,
cleyeT coXpaHsiThb. B mepuon ceccuum CTyAEHT 00s13aH IPEJICTaBUTh 3auTEHHbIE

pa6OTI>I 1 3allIUTHUTH UX, pCilasd CaMOCTOATCIIBHO HO,Z[O6HLI€ 3aJa4H.

ITPOTPAMMA KYPCA MATEMATHUKH

Paznen 1. DnemMeHThI TMHEHHOM anreOpHl.

[lonstne marpuubl. Buasl martpun. BeinonHeHue omnepanuid Haj MaTpPULIAMU.
Onpenenutenu 2 U 3 U n-oro nopsnka. CpoiictBa omnpenenurteneid. Haxoxnenue

oOpaTHoi#i MaTpuIlel. Metoa Kpamepa yist pereHust CUCTEM JIMHEHHBIX YpaBHEHUN.

Pazgen 2. DneMeHThl aHAIUTHYECKON T€OMETPUH.

I'eomeTrpuueckue BEKTOpbl M JeWcTBUS Haa HUMH. CHCTEMBI KOOpPAMHAT.

VYpaBHeHHE NpsIMOK HA TIOCKOCTH. KpHBBIE BTOPOTO MOPAIKA.

Paznen 3. BBenenne B anann3z

Onpenenenne ¢ynkmuu. ['paduku snemeHtapHbix GyHkumid. I[Ipemen wu

HEMPEPHIBHOCTh (PYHKIMU B TOUKE U HA OECKOHEYHOCTH.

Paznen 4. uddepenumanbuoe ucuuciaeHue




[lonstue muddepenunana GyHKIMH, BRIYUCICHUE MPUOIMKEHHOTO 3HAUEHHUS C
nomotnibio  auddepenimana. Teopema Jlonurans. MHWecnenoBanue GyHKIUNA U

MOCTPOEHHUE TPaUKOB C MOMOIIBIO TPOU3BOAHOM.

Paznen 5. MHTErpanbHOE NCUHUCIEHUE

Heonpenenennpiit mHTerpan. OnpeneneHHbII HMHTETpal M €ro IPUIOKEHHUS.

JIBOVIHBIE U TPOWHBIEC UHTETPAJIBI.

Paznen 6. OObIkHOBeHHbIE nH(depeHIMaIbHbIE YPABHEHMUS

Onpenenenuss u  mnoHsATHS auddepeHunanbHbix  ypaBHeHui. [Ipocreitmue
muddepenunanbabie  ypaBHeHus 1 mnopsaka. JuddepenunanbHbie ypaBHEHUS C
pa3IeICHHbIMU U Pa3JCIIIOUIMMHUCS MEPEMEHHBIMU. YPAaBHEHUS BBICIIMX MOPSIKOB.

JIuHelHbIe OJHOPOAHBIC YPpAaBHCHH:A C ITOCTOAHHBIMHA KOB(i)(I)I/IIlI/IeHTaMI/I.

Paznen 7. Iuddepenunansuoe ucunciaeHue GyHKIMNA HECKOIbKUX EPEMEHHBIX

YactHble mnpou3BojaHble (GYHKIMNA TpEX mnepemMeHHBIX. Juddepenimanst
GyHKIIMN HECKOJIbKUX NepeMeHHBIX. [Ipumenenue auddepennmana B mpuOIMKEHHBIX
BBIUMCIICHUSAX. OJKCTPEMyMbl (YHKIMM HECKOJBKHX TMEpeMEHHBIX. 3ajada o
HauOOJbIIEM W HaWMEHbIIeM 3HaueHusx. KacarenpHas IUIOCKOCTh M HOpMaib K

IIOBEPXHOCTH.
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PexomeHyeMble HHTEPHET-PECYPCHI:
5. http://mathprofi.ru/ - Bca mMaremaTMka B OZHOM — MeCTe.  ITO
MaTeMaTU4YeCcKuid MOopTajl, Ha KOTOPOM Bbl Haijere 000 mMaTepuan Io

MAaTEMAaTHYCCKUM AUCHUITJIMHAM.

IMPABUJIA BBIIIOJIHEHUSA U O©@OPMJIEHUA KOHTPOJIBHBIX
PABOT. KPUTEPUN ONEHUBAHUSI.

[Ipu BBIMOJIHEHUU KOHTPOJBHOU PAOOTHI HAJAO MPHUACPKUBATHCA YKa3aHHBIX
HUXKE TpaBwi. PaboThl, BBINMOJHEHHbIE 0€3 COOMIOJEHUST JTUX TPaBUJ, HE
3a4UTHIBAIOTCS M BO3BPAILAIOTCS CTYACHTY JJIsl IEPepabOTKH.

1. CTyIeHT OKEH BBITIOJIHUTH KOHTPOJBHYIO pabOTy MO BapuaHTy, HOMEpP
KOTOPOTO COBIAJAET ¢ Mocieanel mudpoii ero yuedbnoro Homepa (mudpa). Bapuant
KOHTPOJIbHOM paOO0ThI, BHIMOJIHEHHBIN HE 110 CBOEMY BapHaHTY, HE 3aUUTHIBAIOTCS.

2. KontpoinbHyto paboTy clieyeT BBINOIHATh B TOHKON TETpaau IIapUKOBOU
PYUYKOI CHHETO LBETA, OCTABJISAS MOJIS JJIsl 3aMEYaHUIN PELIEH3E€HTAa, WU C ITOMOIIbIO
KOMIIbIOTEPA.

3. TUTYABHBIN JUCT KOHTPOJIBHON pabOThl 0GOPMIIIETCS MO YCTAHOBICHHOMY
obpasny (IIpunoxenue 1).

4. Pemenus 3amad Haao pacrnojlaraTh B MOPSAKE HOMEpPOB, YKa3aHHBIX B
3a/IaHUSX, COXpaHsd HOMEpa 3a7ay.

5. Ilepen pemeHneM KakIOW HAAO BBIIKCATh IIOJHOCTBIO €€ YCIOBHUE.
Pemenuss 3amay w3narate ToApoOHO M 3alMCHIBATh aKKypaTHO, OOBSCHSS BCE
JECHUCTBUS U Jesiasi HEOOXOAMMBIEC YEPTEKHU.

6. [Tocne momy4eHust He 3a4TEHHON PabOThI CTYJIEHT JOJDKEH UCTIPABUTH B HEH
BCE OTMEUYEHHBIC PEICH3EHTOM OIMMUOKM W HEJOCTaTKu. B CB3M ¢ 3TuUM
PEKOMEHIyeTCS TIPH BBIMIOJTHEHUU KOHTPOJIBHON PabOThl OCTABISTH B KOHIIE TETPAIU
HECKOJIBKO YHCTBIX JINCTOB JIJI1 HCIIPABIICHUM U JTOITOJIHEHHM.

7. BblllonHEHWE W 3alUTa KOHTPOJIBHOW paboThl ABISIETCS 00s3aTE€IbHBIM

YCJIOBHEM AJIA CAa4M DK3aMCHaA.


http://mathprofi.ru/

Kpurepnn onenuBanus:

(st 5-TM GaJIbHOM CHCTEMBI OLICHUBAHUS )

OneHka ypoBHSI IOATOTOBKH
KonnuecTBo npaBuIbHBIX OTBETOB
Oat (OTMETKA) BepOaIbHBIN aHaIoT
10 3apanuit 5 OTJINYHO
8-9 3amanuii 4 XOPOIIIO
5-7 3aganuit 3 yIOBJIETBOPUTEIILHO
MEHee S5 3a/1aHui 2 HEYJIOBJIETBOPUTEIIBHO

B xommiekte - 10 BapuaHTOB KOHTPOJIBHBIX Pa0oT.

K xomrekTy BapuaHTOB KOHTPOJIBHBIX PadOT MpujararoTcs pa3paboTaHHBIC
IPENoIaBaTEIEM U yTBEPKACHHBIE HA 3aCEIaHUM ITUKIOBOM KOMMCCUU OIIEHKH I10
JTUCLUTLIHE.

Kpurepun ouenku:

OLICHKA «OTJIUYHO)» BBICTABISICTCA CTYACHTY, €CId BEpPHO BbINONIHEHB 10
3alaHUM, MPUBEICHO MOJHOE PEUIEHHWE W CTYACHT OTBETUJl HA JOMOJHUTEIbHbBIC
BOIIPOCHI MIPENOJABATEIS;

OLIEHKA «XOPOIIO», €CJIU BEPHO BBHIMIOJHEHBI 8-9 3a1aHuil, TPUBEAEHO MOJHOE
pPELICHUE U CTYJIECHT OTBETHJI Ha JOIIOJIHUTEIbHBIE BOIPOCHI IMPENOAABATENS; €CIU
BEpPHO BBINIOJIHEHBI 10 3agaHuii, HO UMEIOTCS HETOYHOCTH M CTYJIEHT OTBETHJ HE Ha
BCE JOMOJIHUTEIBHBIE BOIIPOCHI IPENOAABATENS;

OLICHKA «YIOBJICTBOPUTEIBHO», €CIIH BEPHO BBINOJIHEHBI JS-7 3aJaHWM,
MPUBEAECHO MOJHOE PEUICHHE W CTYAEHT OTBETWJI Ha JOMNOJHUTEIBHBIE BOIPOCHI
MPEINOIaBaTeNs; €CJIM BEPHO BBINTONHEHbI 8-10 3amaHuil, HO YacThb PEIICHUN H
dbopMyn HE TpUBEACHBI WU 3aMHCAHBl HEMPABUILHO, CTYJACHT HE OTBETHJI Ha
JONIOJTHUTEIbHBIE BOITPOCHI IPEMOAABATENS

OLCHKA «HCYJOBJICTBOPHUTCIBbHO» €CJIXM BCPHO BBIIIOJIHCHBI MCHEC 5 BaHaHHﬁ.
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JTEMOHCTPAIIMOHHbBIN (HYJIEBOI) BAPUAHT KOHTPOJIBHON
PABOTBI, METOIUYECKHUE YKA3AHHUS U IPABUJIA BBIITIOJIHEHUS.
Bapmuanr 0.

1. Beriuncinre cyMMy U npousBeaeHne Matpui A u B:

4 1 1 1 1 0
A=<4— 3 6), B=<8 1 3).
-2 3 -5 3 2 2

2. Haiinure oOpaTHyto maTpuiy: A = (i ;)

le + Xy — X3 = 5
3. Pemuts cucremy metogom Kpamepa: {xl —2x, +3x3 = -3
7x1+x2 — X3 = 10

4. Haiimure KOOpAMHATEI BEKTOpa 5AB — 3CD , ecmu A(-3,0,6) ,
B(5,-7,3),€(—2,4,2),D(3,-3,11).

5. OnpenenuTh BU KPUBOK BTOPOTO TOPSIIKA U JITTUHBI TToJTyocei a U b:

x2
— +4y* =1.
100 T Y
6. Beruncnuth npenen pyaknun: lim xix=6
) pel YHKIHH: x>3 x2-5x+6
1
7. BHIYMCITUTD MPOU3BOAHYIO QYHKIHU: Y = X5 ln; :
2
8. Beruncnute unterpai: [ vx — = dx.
9. Hanmcarp ypaBHEHUs KacaTeabHOW M HOpMaiu K rpaduky QyHKIUH y =
6x” B TOUKE X = 2
x+1 0~ <
10. Pemuts auddepennuanshoe ypasuenune: y!v —2y/// +y// =0,
Mertonnueckne yka3aHusl U IpaBUIIa BHIIOTHEHUS K | 3aaHUIO:
Marpunein pasMepoM MXN HA3bIBAETCA COBOKYIIHOCTh 5 10 1
M-N 49rcen, pactoOKEHHBIX B BUJE MPSAMOYTOJIbHOW TaOMUIBI | —3 £2 0 (2],
U3 M CTPOK | N CTONOIOB. DTy TaONHIy OOBIYHO 3aKITIOYAIOT B Ly 3 -1 A3
%3 Ixl

KpyrJible ckoOku. Hanmpumep, MaTpuiia MOXeT UMETh BUJL:

JIns KpaTKOCTM MAaTpully MOXKHO 0003HayaTh OJHOMU

11
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3arnaBHOW OykBO#, Hampumep, A win B. B o0mem Buue

i i M

MaTpUILY pa3MepoM MXN 3aMUChIBAIOT TAK: 4| fm - A
Yucna, COCTaBJISIONIMEG  MaTpHILY, Ha3bIBAIOTCS

fz:wl amﬂ amm

AJIIEeMEHTaMH MaTpULbl. DJIE€MEHThI MATPUILbI Y00HO CHA0XKaTh

JBYMSI MHJICKCAMHM ;. TICPBBIA YKa3bIBACT HOMEP CTPOKH, & BTOPOW — HOMEP
crosidua. Hanmpumep, a,; — 37€MEHT CTOUT BO 2-0i CTpOKe, 3-M CTOJIOIIE.

Buabr maTpui:

1) Ecnim B maTpuile 4YMCIO CTPOK pPaBHO YHCIY CTOJOIOB, TO MaTpulia
HA3bIBAE€TCS  KBAJApPAaTHOM, TpUYEM  YUCIO €€ CTPOK WIM  CTOJIOLOB
HA3bIBAETCS MOPSAJIKOM MATpUIlbl. B TpUBENEHHBIX BBIINIE MPUMEPAX KBAJIPATHBIMU
ABJISIIOTCS TIEPBasi MaTpulla — €€ MOPSAIOK PaBEH 3, U TPEThS MaTpula — €€ MopsAaoK 1.

2) Marpuiia, B KOTOpPOH YHCIO CTPOK HE pPaBHO YHUCIY CTOJOIIOB,
Ha3bIBAETCS MPSMOYTOJbHOW. B mpumepax 3To BTOpas MaTpHulia.

A= ('5‘11 3

3) Martpuiia, y KOTOpOil BCEro ojHa CTpOKa ‘11?!), Ha3bIBACTCS

CTPOKOM (MJIM CTPOKOBOIN), a MaTpuLla, y KOTOPOH BCEro OJUH CTOIOEI — CTOJIOLOM.
5) I'maBHOW OuaroHanblO KBaJIPaTHOW MaTpULBl HA30BEM dy A @

JIAAroHajb, UAYLIIYKO M3 JIEBOTO BEPXHErO B IPaBbId HWKHUU 0 a4y ay

yroi. KBagpartHas w™aTpuia, y KOTOPOM BCE DJIEMEHTHI, Y
Jexane  HUKE  I[JIaBHOM  JMAaroHajad, paBHbl  HYIIIO, ; z _;
HAa3bIBACTCS TPEYTOJIbHON MATPHUIIEH. 4 ; 7

6) KsagpatHas wmaTpuiia, y KOTOPOW BCE JJIEMEHTHI, {0 o
KpoMe, OBITh MOXKET, CTOSIIIMX Ha TJIABHOW JUAroHajH, PaBHBI 0 -1 0
HYJII0, HA3bIBAETCS JUArOHAJIBHOW MaTPULICH. 00

7) AuaroHanbHasi MaTpuUlia, Yy KOTOPOMl BCe TUaroHaIbHbIE [; EJ
AJIEMEHTHI PaBHbI €AWHUIIEC, HA3BIBACTCS €AWHUYHOW MATPULEH Lo o
u o0o3Hauvaetcst OykBoii E. z=lo 1 o

JlericTBUS HAJl MaTpPULIAMU: 001

PaBenctBo Matpuu. /[Be maTpuiisl A u B HazbiBaroTCst

PaBHBIMH, €CJIM OHHM HMMCIOT OJHMHAKOBOC 4YHCJIO CTPOK H

12



CTOJOLOB M MX COOTBETCTBYIOIUE 3JIEMEHTBI PaBHBI A;; = bj. 4 (an .:;:HJ

A=B, ecm ay; = byq, Qg5 = byy, Az = byq, Ayp = by,

1) TpancnonupoBanue. PaccMoTpuM NPOHU3BOJIBHYIO D= [’511 E:'HJ
o By by
Matpuily A u3 m ctpok u N crosndioB. Eif MOXXHO COMOCTaBUTH
TaKkylo Matpuiy B u3 N cTpok 1 M cToIO01O0B, y KOTOPOU Kaxaast
CTpOKa SIBJISIETCSI CTOJOLIOM MATpuibl A C TeM K€ HOMEpPOM  4_—
(cemoBaTeNbHO, KaXKIblid CTOJIOCI SBISETCS CTPOKOW MaTpHIIbI ) B
A ¢ Tem xe HoMepoMm). Oty wMarpuily B Ha3wBaror
@11 )
TpaHCIOHMpPOBaHHOM Matpuueir A, a mnepexogq or A k B ay @, s
B= "
TpaHCHIOHHMpOBaHUEM. TakuM o0pa3oM, TpPaHCIIOHUPOBAHHUE —
o 2 e
ATO MepeMEHa POJISIMU CTPOK U CTOJIOLIOB MATPHIIBI.

Matpuily, TPaHCIIOHMPOBAHHYIO K Matpuie A, 00braHO 0003HayawT AT, CBa3b
MeXx a1y MaTpuiiei A u e€ TpaHCTIOHUPOBAHHOM MOKHO 3aIlicaTh B BUJIE aiTj = aj;.

[Tpumepsl: Haittu MaTpuily TpaHCTIOHUPOBAHHYIO JAHHOM:

2 0 3 - :
A= . 4T =lo -2| B=|-2 B'=f1 -2 3)
7o-2 1 3 1 3

1. 2.

2) Cnoxenne Matpuil. I[Iycts Matpuiibl A u B coCcTOSAT M3 OIMHAKOBOTO YHCIIA
CTPOK U OJIMHAKOBOTO YHCIIa CTOJOIIOB, T.€. UMEIOT OJMHAKOBLIE pa3mMepsl. Toraa ass
TOTO, YTOOBI CIIOXHUTH MaTpHUIlbl A M B Hy)KHO K aieMeHTaM MaTpuilbl A mpuOaBUTh
AJIEMEHTHI MaTpulbl B, crosimue Ha Tex ke Mectax. Takum oOpa3oMm, CyMMOH ABYX
matpuil A u B HazpiBaeTcsa marpuiia C, KoTopast onpeaenseTcs mo mpaBuiLy:

A+ B = (ﬂn @1z ﬂlE]_l_[bll by blzJ _ (ﬂn tiy o oapthy  ap +E:'13J

dy dyp A by by by @q thy Gy thy @y tig VTH

(cz) = (ay; +h;) .
CBoiicTBa:

1. xommytratuBHoe A + B = B + A.
2. accommatuBhoe (A + B) +C = A + (B + 0).

13



3. nna moOoi Mmatpuubsl A Hailnercss equHCTBEHHas MmaTpuua B takas, urto
A+B=0.
4.A+0= A.

ITpumepsl. Halitu cymmy Matpui:

1. {1 -1 m}r[—l 3}
2y (2 3y (3 5 2. \2 31 4 =2 . Hem3d, T.K. pa3Mepsl
+[4 0|=|6
1 MaTpHI[ Pa3INIHbL.

4 10

3) YMHOkeHHe MaTpHIlbl Ha YKCIIo. J{Jist Toro yToObl yMHOXKUTH MaTpully A Ha
qrci0 K Hy)KHO KaKIpId AJIEMEHT MaTpHIlbl A yMHOKUTh HAa 3TO YHCIO. Takum
oOpa3om, mpousBeacHHEe MaTpullbl AHa 4YKCIIO KecTh HOBas Marpuia, KOTopas
ONpEeNEINAEeTCS N0 MPABUILY:

iz kay, ke
A=k oy ay = ke, Ao,

ay ay) ey kay) o (5)=Geay)
Jlost 1r00bIX urcent a u b u matpuir A u B BEIONHSIOTCS paBeHCTBA:
1. (ap)A = a(BA)
2.a(A+B) =aA+ aB
3. (a+ B)A=aA+ [(B.

[TIpumepsl: BBINOTHUTE 1EUCTBUSA:

1. 2. Haiitu 2A-B, ecin

13 0y (-2 -6 0 1 -1 1 0 -2 -3
—2./-1 2 4|=|2z -4 -8 ﬂ:(g 0 _g] ‘9:(_1 4 1}

2 -1 3) -4 2 -8 ’

2 -2 2 o -2 -3 2 0 35
dA-F5= - =
4 0 -4) -1 4 1)71l5 -4 -5
4) VYwmuHoxenue Marpull. [lepeMHOXKaTh MOXKHO TOJBKO T€ MATPHULBI, Y
KOTOPBIX YHUCJIO CTOJOIOB MEPBOM MAaTpHUIIbl COBIAJIAET C YUCIOM CTPOK BTOPOM

Matpuubl. [lpousBenenuem wmatpuisl A Ha wmatpully B HasbiBaeTcsi HOBast

MarpuniaC = AB, 31eMeHThI KOTOPOI COCTAaBISIOTCS CIAEAYIOIIUM 00pa3oMm:

14



(‘311 ‘312}{5}11 by ’5’13}_[‘311&11"“312’521 @by T apdy  anby +'3‘1:4’-23'23J

by By by Ayl Fagby  apby tagby anbs tagnby

Ay Ay
CaolicTBa:
1)A-B # B-A.

2) accoumatuBHOoe u aucTpubytuBHOe (AB)C = A(BC)u (A+ B)C = AC +

BC.

3) AE = EA = A.

[Ipumepsl: Beraucnure mponsBeieHue MaTpuLL:

1 2
21021 D42 441 4 5
311'22_3+2+2 6+1+2) |7 9

1.
23

(-1 -2 1|1 1 |=f2-2+42 -3-z2-2)=(-2 -7)
5 2 -2

(7 o)
3. Haiitu AB u BA, ecnu -1 -3 2,

-3
ﬂﬁ’:[

_?J , B-A — Henp3s, T.K. KOJUYECTBO CTOJOIIOB NEPBON MaTPHIBI HE

PaBHO KOJIMYECTBY CTPOK BTOPOM MATPUIIHI.

1. Beruucnure cymMMy U Npou3BeeHrue MaTpull A u B:

4 1 1 1 1 0
A=(4 3 6), B=(8 1 3).
-2 3 =5 3 2 2

UtoOs1 cinoxuth MaTpullbl A i B Hy )XKHO K amemMeHTaM Matpuilsl A mpuOaBUTh
AJIEMEHTHI MaTpUIlbl B, cTosIIMe Ha TEX Ke MeCTaX, MOJIYUUM:
441 141 1+4+0 5 2 1
A+B={|4+8 3+1 6+3 |=|12 4 9 |
—-2+3 34+2 —-5+2 1 5 -3
UtoOsl yMHOXKUTH MaTpuIlbl A 1 B Hy)KHO CHauana 3JIeMEHTHI MEePBOM CTPOKHU
MaTpulibl A YMHOXXHUThH Ha 3JIEMEHTHI IEPBOTO CTOOAa MaTpullsl B u npousBeneHus
CJIIOKUTbh; 3aTE€M HJIEMEHTHI MEPBOM CTPOKM MATPHUILIBI A YMHOXKUTHh HA 3JIEMEHTHI

BTOPOro CTOJ'I6I_Ia MaTpPHIIbI Bu IMPOU3BCACHUA CJIOXKUTb, IIOTOM 3JICMCHTLI HGpBOfI
15



CTPOKM MaTpullbl A yMHOKUTh Ha D3JIEMEHThl TPEThEro cTojdna Matpuikl B u

IIPOU3BEICHUA CIOXUTH. J[[aHHBIM QJITOPUTM IOEUCTBUM IOBTOPSETCS CO BTOPOU U
TPEThel CTPOKOI MaTpULbl A, MOTYyUUM:
4 1 1 1 1 0
A-B=(4 3 6 [||8 1 3|=
-2 3 =5 3 2 2

4-14+1-8+1-3 4-14+1-1+1-2 4-04+1-3+1-2
( 4-14+3-8+6-3 4-14+3-1+6-2 4-04+3:3+6-2 )
—2-1+3-1+(=5)+-2 —-2:0+3-3+(=5)-2

15 7 5
=146 19 21

7 -9 -1

5 2 1 15 7 5
OTB€T2A+B=(12 4 9>,A-B= 46 19 21 |.

1 5 -3 7 -9 -1

—2-14+3:8+(-5)-3

MGTOIIPI‘IGCKI/IG YKa3zaHuAg U IIpaBUJIa BBIIIOJIHCHHUA KO 2 3aJaHUIO.

OmnpenenureneM 2-0ro MOpsAKa Ha3bIBACTCS YHCIIO0, CBI3aHHOE C KBaJpaTHOMN
o a b o o
MaTpHIEH BTOPOro mopsaka A = d cienyromiei popmynoii: |A| = ad — bc.
C

[Ipumep: BeiuncinuTe onpeaenuTesib MaTpulibl: A = (_12 ;)

IAl=1-5-3-(-2) =11

Onpenenutenem 3-ero Mopsjika Ha3bIBACTCS YUCIIO, CBSA3aHHOE C KBaJApPaTHOU

a b c
MaTpUIEed TPETHErO MOpsaKa A = (d e f ) cleyroIei GopmyIoi:
g h k
|A| = aek + bfg + cdh — ceg — bdk — afh
5 2 3
[Ipumep: Beruncnute onpenenurens: A =4 —3 =2 |.
1 8 7

Al =5-(-3)-7+1-2-(-2)+3:4:8—-3-(-3)1-7-2-4-5-8-(-2) =
=-105-4+96+9—-56+80=20

Onpenenutens n-oro mopsaka (n>3) OCYIIECTBISIETCA C HCIOJIb30BAaHUEM

CBOWCTB OIPEICIUTEIIS:

16



1) ompenenutrenb HE MEHSETCS, €CIM K Kakou-mubo cTpoke (CcToJoIy)
npuOaBUTh JIPYTyl0 CTPOKY (cTonOel), YMHOXEHHYI (YMHOXXEHHBI) Ha Jr000e
YHCIIO.

2) npu MepecTaHOBKE JIBYX CTPOK (CTOJIOIIOB) OMpEIeIUTENb MEHSIET 3HAK.

3) ecnu cTpoKy (CTOJOEI]) YMHOXKHUTh HA Kakoe-JI1M00 YHCIIO, TO ONpeeTuTeb
YMHOHTCSI Ha 3TO YUCIIO.

4) onpenenuTeh MaTPUIbl HE MEHSIETCS TIPU TPAHCIIOHUPOBAHUU.

5) ecnmu B MaTpulle ONPEACTUTENs] COACPKUTCS JBE OJMHAKOBBIC CTPOKHU
(cTonbua), To onpeaenuTesns = ()

6) ecin B MaTpulEe COJEPKUTCA CTpoka (cTojbel), cocrosuias U3 OJHHUX
HyJeH, To onpenenuTens = 0

Tpu cioco6a BEIYUCIICHUS ONIPESTUTENS N-0r0 MOopsiIKa:

- yepe3 CyMMY NMPOMU3BEACHUN COUCTaHUN PJIEMEHTOB MATPUIIbL;

- 4Yepe3 pa3NokKEHUE OMNpENeNUTeNss MO DJIEMEHTaM CTPOKH WK CToji01a
MaTpPHUIIbI;

- METOJIOM MPUBEJCHUSI MAaTPUIIBI K BEpXHEU TpeyrojibHOM (MeTogoM ["aycca).

Metop I'aycca:

1) Matpumia A ¢ TTOMOIIBIO 3JIEMEHTAPHBIX MPEOOPa30BAHUI MPUBOIUTCA K
TaKOMY BUJY, YTOOBI B IEPBOM CTOJIOIE BCE DIIEMEHTHI, KPOME (11 CTAJId HYJIECBBIMH.
HyneBble »1eMEHTBHI MONYYalOTCS JUIsl TOTO, YTOOBI MOJYYUTh CamMoe€ MPOCTOe
pa3lioKEHUE OMPEACIUTEIS 0 SJIEMEHTaM IEPBOTO CTONOIIA.

2) IMocne Takoro nmpeobpa3oBanus MaTpHIbl A, moixyunm: |A| = a4 - (-1)'*" -
“My; = aq1-Myy, Tne My; — mmHOp (N-1)-0TO mMOpSIIKA, TONYYArOIIANUCS W3
MaTpuIlbl A BBIYEPKUBAHHUEM DJIEMEHTOB €€ MEepPBOM CTPOKU W TepBoro crosodna. C
MAaTpPHILEN, KOTOPOU COOTBETCTBYET MUHOP M, BBINIOJHAETCS TaKas ke Mpoueaypa
MOJTYYCHHSI HYJIEBBIX 2JIEMEHTOB B TIEPBOM CTOJ01e. M Tak manee 10 OKOHYATEITEHOTO
BBIYUCJICHUS ONPEACTUTENS.

3ameuanue: Ilpu nmonydeHun MuHOpa 3 MOpAAKa JJs YOPOIIEHUS MOKHO

BOCIOJIb30BaThes opmynoii: |A| = aek + bfg + cdh — ceg — bdk — afh.

17



1 -1 0 5
[Ipumep: BeunCanuTh ONpeeIuTeNIb MAaTPULIBL: 1 5 5 -8

3 -3 4 21

4 —4 8 27

C nmomol1bto 31eMEHTapHbBIX MpeoOpa3oBaHUil (CIOKEHUS U BHIYUTAHUS CTPOK
MaTpHIlbl) TPUBOAUTCA K TAaKOMY BHUJY, UTOOBI B TMEPBOM CTOJIOIE BCE JIEMEHTHI,
KpoMme aq; = 1 ctanu HyneBbIMU. /{7151 3TOro: U3 BTOPOM CTPOKM BBIYUTAEM IEPBYIO;
U3 BTOPOIl CTPOKH BBIYMTAEM IMEPBYIO, YMHOXEHHYIO Ha 3; M3 TpEeThed CTPOKHU

BBIYMTAEM IEPBYIO, YMHOKEHHYIO Ha 4. [Tomyunm:

1 -1 0 5 1 -1 0 5

Al = 1-1 5—(—-1) 5—0 -8-5 | [0 6 5 -13
“13-1-3 -3—(-1):3 4-0-3 21-5-3) {0 0 4 6
4—1-4 —-4—(-1)-4 8-0:4 27-5-4 0 0 4 1

[locne Takoro mpeoOGpa3zoBaHusi MaTPUIIbl A BBIYEPKHUBAEM JJIEMEHTHI MEPBOM

CTPOKH | MepBoro crobia (mo ¢popmyie |A| = a;q - M;,), MOITydInM:

6 5 —13 6 5 —13
|A|=1-(0 4 6>=(0 4 6)
0 4 1 0 4 1

210 MHUHOP TPCTHLCTO IIOpAAKa, €TI0 OIIPCACIUTCIIb MOKHO HaWTHU C ITIOMOIIIBIO

6 5 -—-13
dopmynsr: |A| = aek + bfg + cdh — ceg — bdk —afh: |Al=10 4 6 |=
0 4 1

=6-4-14+(-13)-0:440-5-6—-(—13)4:-0—-6-6-4—1-0-5=-120

Haxoxnenue 06paTHON MaTpPHUIIBIL.

[TonsiTHe 0OpaTHOW MATpPHUIBI BBOJIWUTCS JIMIIb JUISI KBaJIpaTHBIX MATPHII,
ONPENICINTENh KOTOPHIX OTJIMYEH OT HyJIsA, TO €CTh JJISI HEBBIPOXKICHHBIX
KBaJIpaTHBIX MATPHUII.

Martpuna A~ HaspiBaeTCs oOpaTHOM A1 MaTtpuilsl A = ||ai ]” i=12,..,n,
j =1,2,...,n, onpenenuTens KOTOPOil oTandeH ot Hyis |A| # 0, eciu cripaBeaTUBEI
paBeHcTBa A A '=A"1-A=FE , e E — enuamyHas maTpuiia nmopsjaka N Ha n.

MeTo bl HaXO0XKICHUST 0OpaTHON MaTPHIIbI:

1) Haxoxaenue oOpaTHOW MaTPHUIIBI ¢ TOMOIILI0 MATPHIIBI U3 alireOpandecKux

JTIONOJTHEHUI.
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2) Haxoxnaenue oopatHoi MaTpuiibl MeToaoM ['aycca — JKopnana.

3) HaxoxaeHue 3JIEMEHTOB OOpaTHOW MATPHUIBI C IOMOIIBIO PEIICHHS
COOTBETCTBYIOIIUX CUCTEM JIMHEHHBIX alreOpandecKux ypaBHECHUH.

Haxoxnenue oOpaTHON MaTpHUIbl ¢ MOMOIIBIO MATPHUIBI U3 alIreOpandecKux
JOTIOJTHEHUH.

CocTaBuM aJIrOpuUTM HAXO0XJACHUS OOpAaTHOW MATPHUIIBI C HCIOJIb30BaHUEM
_ 1 T

paBenctBa: A~ = a 4]

1. Beraucisiem onpeaenuTesib MaTpUIlbl A U yOexaaemMcs, 4TO OH OTJIUYEH OT
HyJIs (B IPOTUBHOM cliydyae MaTtpuiia A HeoOpaTuma).

2. Ctpoum ||Al- ]|| - MaTPHILy U3 aNreOpandecKuX JOMOJIHEHUH HJIEMEHTOB a;; .

Munop k-oro mopsiika MaTpuiibl A TOpsIKA M HAa N — 3TO OMNPEIAETUTENh
MaTpuilbl mopsaka k Ha k, kKoTropas moiyyaeTrcs M3 JJIEMEHTOB MATPHUIIBI A,
HaxoJAmuxcs B BbIOpaHHBIX k cTpokax um k crombmax (k He mnpeBocxoaut
HAaMMEHBIIETO0 M3 4Yuced m wik n). Munop (N-1)-oro mopsaka, KOTOPBIH
COCTaBJISIETCS W3 AJIEMEHTOB BCEX CTPOK, KpOMe 1-0H, M BCeX CTOJIOIOB, KpOME j-0TO0,
KBaJIPATHOW MATpULBI A TIOpsjJKa N Ha N 0003HaunMM Kak M;;. VIHeIMU ciioBamu,

MUHOpP M;; mOJTy4aeTcst U3 KBapaTHOW MAaTpPHIBl A MOPsJIKA N HA N BBIYCPKUBAHUEM

HJIEMEHTOB i-0ff CTPOKH M |-Or0 CTOJIOIIA.

[TpuMep: 3anumieM, MHHOD 2-0TO MOPSAKA, KOTOPBIN 9 8 7
MOJIyYaeTCsl U3 MaTPHUIbl A BIYCPKUBAHUEM MIEPBOM CTPOKU U A= g g Lll
BTOpOro  crombma: M, = |g 41} =6-1—4-3=—6 . 2 8 1)
[Tokaxem MUHOD, KOTOPBIN M0JIy4YaeTcs u3 3 ;
MAaTPHIIBI A BBIYEPKUBAHUEM BTOPOH CTPOKH M TPETHETO - d

f 3
cTon6ia: My =, 9=9-2-8-3=-6
3 2 6 4
[IponnmrocTpupyem MOCTPOCHUE ITUX MUHOPOB. L3 1)

AnreOpanyecKuM  JOTOJIHEHUEM  DJIEMEHTa @)

KBaJIpaTHOW MaTpHIbl A = ||ai]-||, i=12,..,n,j=12,..,n,
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Ha3pIBarOT MUHOP (N-1)-0ro mopsiaKa, KOTOPHIM IIOJYYaeTCs W3 MATPHIIBI A,
BBIUEPKUBAHMEM  DJIEMEHTOB €€ i-Oi CTPOKM M j-Or0 CTONOI@E, YMHOKEHHBIM
Ha (—1)™/. Anrebpamdeckoe TOMOTHEHHE dIEMEHTA a;j 0003HadaeTcsa Kak A;;. Takum
obpazom, A;; = (1) - M;.

[Tpumep: Haittu A1,-?

A= (D" My = (=13 H=(-D-(6-1-4-3) =6

Tpancnonupyem maTpuily ||Al- j ||, TEM CaMbIM MOJTy4YaeM ||Al- j ||T

1

T
YMHO)KaeM KaXIObIN 3JICMCHT MAaTPHUIIbI ”AU” Ha 49HCJIO Al

OTol omnepauuen

3aBeplIaeTcs HaXoxKJeHue oopaTHoi MaTpuisl AL,

3 4 -2
[Ipumep: lana matpuna A = (—2 1 0 ) Haiinute oOpaTtHyto MaTpuity.
2 3 0

Bbrauciimm omnpeaennTenb TPETHEro MOPsAKa MaTPHIBL A 110 (hopMyIie:
|A| = aek + bfg + cdh — ceg — bdk — afh
A|=3-1-0+4-0-24+(-2)-(-2)3—-(-2)"1-2-3:-3:-0—-0-4-(—-2) =
=16

OnpenenuTenb OTJIMYEH OT HYJsI, Tak 4yTo Marpuiia A obpatuma. Haitnem

A1 A Ags
MaTpPHILy U3 alreOpandecKuX JOTOTHESHUMN: ||Aij|| =41 A,y Ay
Az1 Az Aszs
An= (03 (= D2 a0-0-3) =0
A= (0" 0= (D% (-2:0-2-0) = 0
A= (0|0 = (D (-2-3-2-1) = -8
4 =2
Ay = 07} T = (D @-0- (-2)-3) = —6
3 =2
A= (075 =D (30-2:(-2) =4
Ay = () 3= (D5 (33 -2-4) = -1
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4 -2

A= (™[] T = D U 0- () D =2
A= (07| 3 = (D% (30— (-2)- (-2)) =4
A= (0|2 =00 G1- (-0 =11

0 0 -8
CocraBnsiem Matpuily: ||Al-j|| =<—6 4 —1>

2 4 11
. (0 0 =8\" /0 -6 2
TpancnoHupyewm ee: ”Aij” ={-6 4 -1)] =10 4 4
2 4 11 -8 -1 11
Teneps, nojcrabiss B Qopmyny A~ = ﬁ- ||Ai j||T MOJIyYeHHbIE JIaHHBIC,
0 -6 2
-1 1 T 1
HAXo0JIUM O0paTHYyIO MaTpuly: A~ = a ||Aij|| =" ( 0 4 4 ) =
-8 -1 11

1 1 1
/ 2.0 L.-e) -2
k i.o i.4 i.4 |=k0 z
16 16 16 4
1 1 1 1 1 11
e 78 D z'“/ "7 T 1

16
2. Haitnute oOpatHyto matpuiy: A = (2 ;)

Boeruucnum onpenenuTenh BTOPOro MmopsiAka MaTpuibl A 1o  ¢opmyne:

|A| =ad —bc, [A|]=5-2—-3-4=10—12 = —2.

\ (0

Onpenenutens OTAWYEH OT HYJS, Tak 4TO maTtpuia A oopatuma. Halinem

Aqq A12)
Ayr Ay

MaTpHIly U3 aJlreOpandecKuX JOTOTHESHUMN: ||Al- ]” = (
Ay =D 2l=(=D?-2=2
A= (D" 4] = (-1)°-4=—4
Ay = (13| = (=1)%-3 = -3
Ay = (1) -|5| = (-D*-5=5
2 -4
5 s)

Tpancronupyem ee: ||Aij||T - (_23 _54)T - (—24 _53)

Cocrasnsem matpuny: ||4;;|| = (
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_ 1 T
Teneps, noxcrabuss B Qopmyny A~ = a ||Al-j|| MOJYyYECHHBIE JaHHBIC,

HAXOJIUM o0paTHY10 MaTpuny: A= ﬁ' ”AU”T = _%' (—24 _53) -
1 1
o )G
1 _ 1 2 =25
Ly -l
Oteer: A™1 = (_21 _1é55

MeTonuueckne yka3aHusl U IPaBUIIa BHITOTHCHUS K 3 3aaHUIO:
Meton Kpamepa juist penieHus: CUCTEM JIMHCWHBIX YPaBHEHUH.
3amedanue: UnCiio ypaBHEHHH JIOJDKHO OBITH PABHO YUCITY HEU3BECTHBIX.
ANTOPUTM pEIICHUS CHCTEM JTUHEHHBIX aJireOpandecKruX YpaBHCHHH METOI0M
Kpamepa:
[TycTh HaM TpeOyeTcst peuuTh CUCTEMY JIMHEWHBIX YpaBHEHUHN BUA!
a11Xq + aq2Xy + - +apXy = by
a21Xq + a22X; + -+ aznXp = b;
an'lxl + an'ZXZ + et an.an = b;l
I1€ X1, Xz, ..., Xn — HEU3BECTHbIC NEPEMEHHBIC, Ajj, i=12,..,n,j=12,..,n —
YHUCIIOBbIE KOAPPULIUEHTHI, by, b,, ..., b, - cBoOOAHBIE YWIICHBI.
1. Breruncnsgem ompenenuTelb OCHOBHOM MAaTpHUIIBI CHCTEMBI U yOexmaemcs,
YTO OH OTJIMYEH OT HYJIS.

2. HaxonuMm omnpeaenuTen:

a11 + alz + tee + aln
A= [321 tazz + -+ azn

anl + anz + + ann

bl + alz + + aln
A = b2 +az2 + -+ ay,
Xl_ . .

by +ap, + -+ apy
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all + b1 + + aln
A = azit +bz2+ -+ ax
X . . .

any + by + -+ ag,

a11 + alz + + b1
A = azi1 +az2+ -+ by
Xn . . .

n

an1 + anz + + bn

KOTOpBIC  SIBISIIOTCS ~ ONPEACITUTSISIMH ~ MaTPHIl,  IOJIYYCHHBIX U3
MaTpuilel A 3ameHoit k-oro cronona (K= 1, 2, ..., n) Ha cTos0€e1l CBOOOAHBIX YWICHOB.
3. BbruucisieM HCKOMBIC HEHM3BECTHBIC IEPEMEHHBIE X; , X3 , ..., Xy IO
dbopmynam:
AXl sz AXn
X1 =95 % =50 X =
[Ipumep:
x1 + x3 = 4‘
2x2 - x3 == 1
3x1 - xz == 1

OnpenenuM MaTpHIly CUCTEMBI (BBIMUIIIEM KO3 PUIIMEHTHI TPU MEPEMEHHBIX ):

1x1+0x2+1X3:4‘
{Ox1+2x2_1X3:1
3'x1_1'x2+0'X3:1

1 0 1
(O 2 —1)
3 -1 0

BeruucnuM  ompenenuTeas OCHOBHOM MATPHIIBI  CHCTEMBI IO (hopMmylie:

|A| = aek + +bfg + cdh — ceg — bdk — af h u ybexmaemcs, 4TO OH OTJIMYCH OT

HYJLA:
1 0 1
3 =1 0

=1-2:040-(-1)"3+1:0-(=1)—=1-2:3-00-0—1-(=1)-(=1) =7
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HaxonuMm ocTanbHble ONpenenuTend (IOJIy4eHHblE 3aMEHOM CTOJIOLOB

OCHOBHOM MaTpHIIbl Ha CTOJOEI] CBOOOAHBIX YIEHOB), KOTOPbIE TOMOT'YT HaM HaWTH

KOpPHU CHCTEMBI YPaBHEHUM:

4 0 1

Ay=11 2 —1|=
1 -1 0

=4:2:040-(-1)"1+1:1-(-1)-1:21-0:1-0—-4- (-1 - (-1) = =7

1 4 1

Ax2= 0 1 _1 =
3 1 0

=1-1-0+4-(-1):34+10-1-1-1-3-4:0-0—1-(-1)-1=—14

1 0 4

Av,=10 2 1f=
3 -1 1

=1-2-14+0-1-3+4:0-(-1)—4-2-3-0-0-1—1-1-(-1) =-21

Brruncrnsiem uckoMble HEU3BECTHBIC IEPEMEHHBIC X1, X, X310 (OpMYyJIaM:

>
x
[y
N

=2="=1
L™ a7 =7

A -14

A -21
3=y =8

X1 = 1,x2 = 2,x3 = 3.
le + x2 - X3 = 5
3. Pemuth cuctemy merogom Kpamepa: {x; — 2x, + 3x3 = —3
7x1+x2 _X3 =10
OHpeI[eHI/IM MaTpuly CUCTCMBbI (BI)IHI/IHIeM KO3(1)(1)I/IHI/IGHTI>I IIpu HepeMeHHBIX):
2'x1+1'x2_1'X3:5
<1'.7(:1_2'.7(,'2‘|'3'x3 = -3
7'x1+1'x2_1'X3=10
(2 1 -1
1 -2 3

7 1 -1

BeruucniuM  ompenenauTenb OCHOBHOM MAaTPHUIIBI  CHUCTEMBI IO  opMmyIie:

|A| = aek + +bfg + cdh — ceg — bdk — afh u y6exmaemcsi, 4TO OH OTJIHYCH OT

HYJISL:
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2 1 -1
7 1 -1

=2-(-2) (1) +1:7-3+1-1-(-1) = (1) (-2)-7—(-1)1-1-2-1-3

=5
Haxonum ocTanbHble omnpenenuTend (IOJIy4eHHblE 3aMEHOM CTOIOLOB

OCHOBHOM MaTpHIlbl HA CTOH6€I_[ CBO6OI[HBIX ‘IHCHOB), KOTOPBIC ITOMOT'YT HaM HAUTHU

KOPHU CUCTEMBI YPABHEHHUI:

5 1 -1
Ae,=1-3 -2 3|=
10 1 -1

=5-(=2) (-1 +1:10-3+1-(=3) - (-1) = (1) (=2) - 10 — (1)1~
(-3)-5-1-3=5

2 5 -1
A,=[1 -3 3|=
7 10 -1
=2-(=3) (-1 +5:7-3+1-10-(=1) = (=1)(=3)-7 = (=1)5-1—2-10 "
-3 =25
2 1 5
Ae,=[1 -2 =3|=
7 1 10
=2-(=2)+10+1-7-(=3)+1-1-5-5-(=2)-7—-10-1-1—2-1-(=3)

=10

Brruncisiem uCKOMBIE HEU3BECTHBIC IIEPEMEHHBIC X1, X, X310 (GOpMYyJIaM:

5
X1
X =—:—:1
1 A 5
A 25
xzzﬂz—zs
A 5
A 10
x3=£=—=2
A 5

OTBeT: X1 = 1,x2 = S,X3 = 2.

MGTOI[I/I‘-ICCKI/IC YKa3aHHsA W I[IpaBUJIa BBIIIOJTHCHUA K 4 3aJaHuIO:

I'eomeTpuueckne BEKTOPBI U JEUCTBUS HAJl HUMH.
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JIuHeliHbIe onepalvy HaJl BEKTOPaAMMU:

1) CnoxeHnue, BBIYMTAHUE, YMHOXKEHUE HA YUCIO, PA3JIOKEHHE MO Oa3UCHBIM
BekTOpaM: G =x -1 +y -] +z-k.

[Ipumep: BrinonaHuTe JTUHENRHBIE ONEPALMK C JaHHBIMH BEKTOpaMu: 3d — 2b ,
ecnu d{3; —1; —4}, b{-3; —7; 1}.

Yr1o6Bl HAaWTH BEKTOP 3d HYKHO KOOPIMHATHI BEKTOpA d YMHOXHTH Ha 3,
nonyuum: 3a{3 - 3; 3-(—1); 3-(—4)}, 3a{9; —3; —12}. YroObl HalWTH BEKTOp 2b
HY>KHO KOOpIMHATHI BEKTOpa b YMHOKUTh Ha 2! 21;{2 -(=3); 2-(=7); 2-1},
21;{—6; —14; 2}. Tenmepp HaiizeM pa3sHOCTH IMOJYYEHHBIX BEKTOPOB M IOJYYUM

OTBET: 3d — 25{9 —(—6); —3—(-14); —12—12},3a— 25{15; 11; —14}.

-

2) 2 u b KOMIMHEApHBI, €CIM OHU JISKAT Ha OJHOM MNpPIMOM WM Ha

X hY% Z o
HnapayuICJIbHBIX MNPSMBIX W BBIIIOJHICTCS YCJIOBUE: Ly HyJIeBOH BEKTOD
Xp Yp Zp

KOJUIMHEAPEH JII0OOMY BEKTODY.

Tpumep: JlokaxkuTe, 4TO BeKTOPh d + 3b u 26 — 5d KOIIMHEAPHBI, €CIH
a{1; 5; =3}, b{2; —3; 1}, &{2; 1; 10}, d{-2; 2; 4.

Haiinem BekTOpa 35 L 2Cu 5(2, JIJIs1 9TOTO KOOPJMHATHI BEKTOPOB YMHOKaeM Ha
KOHCTAHTBl MEPE] HUMM, MOTYUHM: 35{3 +2; 3:(=3); 3-1}, 31_5{6; -9; 3},
28{2-2; 2+1; 2-10}, 22{4; 2; 20}, 5d{5- (=2); 5-2; 5-4}, 5d{—10; 10; 20}.

Teneps  HalimeM  Bekropa a + 35{1 +6;5+(-9); -3+3} , a+

3b{7; —4; 0} u 2¢ — 5d{4 — (=10); 2 — 10; 20 — 20}, 2¢ — 5d{14; —8; 0}.

X Y, V4
[TpoBeprM BBIMTOJHEHHE YCIAOBUS: — = —= = ==

Xp Yb Zp
7 -4 _ 0

14 -8 0

1 _1_0 .

35555 VYcnoBue BBITIONIHEHO (HAMIOMHHUM, YTO HYJEBOW BEKTOP
— g - 3

KOJUIMHEAapeH J000OMYy BEKTOpPY), CJeaoBaTeiabHO, Bektopa da+ 3b u 2¢ — 5d

KOJUIMHCAPHEL.
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3) Cucrema BEKTOPOB d , b M ¢ Ha3bpIBAeTCd IMHEHHO 3aBUCHMBIMHM WIIU

KOMIUIAaHApHBIMHA, T.C. JIC)KAIINMHU B OI[HOﬁ IJIOCKOCTH, €CJIA BBIIOJIHACTCS YCIOBUC:
xa ya Za

A= [x» Yb Zp| = 0. Eciu ycinoBue He BBIIOIHATCS, TO CHCTEMA BEKTOPOB 4 , b u
xC yC ZC

C Ha3BIBAETCS JIMHEWHO HE3aBUCUMBIMH M 00pa3yloT 6asuc.
[Ipumep: JlokaxkuTe, 4TO BEKTOpa d , b M ¢ KOMIUIaHapHbl, eciu a{4; 0; 6},
b{0; 4; 3}, c{-1; 2; 0}.

xa ya Za
[IpoBepum BbinonHEHUE ycnoBusi: A= (Xp  Yp  Zp| = 0.
xC yC ZC

4 0 6
A=10 4 3
-1 2 0

=4-4-0+6-0-2+(-1)-0-3—-6-4-(—1)—4-2:3-0:0"
0=24-24=0

—
>

YcaoBue BBIIIOJIHCHO, CJIICAOBATCIbHO, BECKTOpPA Zl) ) buc KOMIIIAHAPHBI.

N
4) 3 u b OPTOroHANBHEI, €CJIM NPUBEIAECHHBIE K 00LIEMY Hayaly OHH 00pa3yrloT

OPSIMOM YTOJl M BBINOJHAETCS YCIOBHUE X Xp + VaVp + ZoZp = 0. HyneBoit BekTop

OpPTOTOHAJICH JIIOOOMY BEKTODY.

—_

ITpumep: JloxaxkuTe, 4TO0 BEKTOpa a , b OPTOroHanbHEIL, ecnu af{2; —4; 2},
5{6; 5; 4}.

[IpoBepyM BBINOJIHEHUE YCIOBHUS: Xo Xy + Vo Vp + ZgZp = 0.

2:6+(—4):5+2-4=0

12-20+8=0

0 = 0. YcnoBue BEINOIHEHO, CI€A0BATENLHO, BEKTOpA d , b OPTOTOHAJIBHBI.

Bekropnas anreopa:

1) CkanspHbiM TpPOM3BEACHUEM JIByX BEKTOPOB HA3bIBAETCS YUCIIO, PABHOE

IPOU3BEIEHUIO UIMH 3TUX BEKTOPOB HAa KOCHHYC yIJIa MEXAy HUMU:a-b= |al- |b| -

5
: a"b) Eciu BeKTOpBI 3aJaHbl 4YEPE3 COOTBETCTBYIOLIME MM KOOPIMHATHI
cos y
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a{xy; Y424} » b{xp;yp; 2y}, TO CKanSgpHOE INPOM3BEINEHUE BBIPAXKACTCH 4YEPE3

bopmyny: a-b=xyxp, + V,Vp + Z42,. Eciin cxangpuoe npousBesieHHe BEKTOPOB —
MOJIOKUTENBHOE YHCIIO, TO YTOJI MEXy BEKTOPaMU OCTPBIH, OTPUIATETIFHOE YUCIO -

TYIIOM, PaBHO HYJIIO - IIPSMOM.
[Ipumep: Haiiti ckansipHOe NPOU3BEIECHHE BEKTOPOB, €CIH |d |= 2, |b| = 6,
(@"b) =m. Toncrasum B (opMmyldy NaHHbE yCIOBHs, modydum: d-b = |dl- |b| -

cos(Zz” E) =2:6-cosm=12-(—1) = —12. Jlnda HAXOXKICHHWA 3HAYEHUSA COST

BOCIIOJIb30BAJIUCH TAOJIUIICH 3HAYEHUM YTJIOB TPUTOHOMETPUUYECKUX ()YHKITHIA:

a | 0°]30° 45° 60° 90°| 120° 135° 150° 180° 210° 225° 240° 270° 300° 315° 330° 360°

sine| 0 | L | V2| B | B2 ] 1 o | 1|2 B | B V2 L
2 2 2 2 2 2 2 2 2 2 2 2

coso 1| B V2| Lo | S V2 B B2 L g | L2 v
2 2 2 2 2 2 2 2 2 2 2 2

tga | O ? 1 |3 -3 | -1 _? 0 ? 1 V3 -3 | -1 _g 0

ctg a V3| 1 ? 0 _? -1 | -3 V3 1 ‘/g 0 _‘/g -1 | -3
T T T 2w | 3w | 51 7 | 5w | 4m | 3w | 5w | 7w | 11m

a Ol ===zl =!|—=|—| = T —_— | — | — | = | = | — |—| 2r
6 | 4| 3|2 3 4 6 6 4 3 2 3 4 6

[Tpumep: HaiiTu ckansipHoe MpOM3BENEHUE BEKTOPOB M ONPEACIUTh BHUJ YIJia

(mpssMOM, oCTpBI wimu Tynoi), ecimu  a{3; 2; —1}, 5{5; —6; —4}. IlogcraBuMm B

dbopMyIy JaHHBIEC YCIOBHS, TOTYUUM:

Gb=x,xp + VoVp +2gZp =3-5+2-(=6) + (=1) - (-4) = 15— 12 + 4 =

Tak Kak cKaJsipHOE MPOU3BEACHUE BEKTOPOB — IOJOXKHUTEIbHOE 4Hcio (7 >
0), TO yroJ MeXIy BEKTOPaMH OCTPHIi.

2) Yron Mexay BEeKTOpaMu HaXOJIUTCs 1o hopMyIie:
XaXp + YaYb + ZaZp

X2+ y2 + 22 \xE + yE + 72

cos(@ b) =

[Mpumep: Haittn yronm Mexay BeKropamu, eciu a{—2; —7; 3}, B{l ; 19; 14}
[MoacraBuM B (hOPMYIy JaHHBIE YCAOBHS, IOTYIMM:
SAT XaXp + YaYb + ZaZp
cos(a b) = > > ==
\/xa% +yi +z2 \/xb + Yy T2
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_ —2-14+(=7)-19+3-14 _ —2—133 + 42 _
V(=2)2+(-7)2+32-v/12+ 192 + 142 V4 +49+9-V1+361+ 196

- 93 93 93 1
~ \V62-V558 V34596 186 2
Pemum TpUroHOMETPHYECKOES YPaBHEHHUE cos(Zz"l_))) = — %

Bocnonb3yemcs Tabnuueil 3HaueHU YriioB TPUTOHOMETPUUYECKUX (QYHKLIHMA U

HalizeM Cos(é’“g) = —% (cm. BeIme). U3 Hee (Ei“lg) = 120°

3) JlnuHa BeKTOpa HaXomuTcs 1o dopmyie: || = /x2 + y2 + z2
[pumep: Haiitu anuny Bektopa, eciu af{4; —3; 12}. Iloacraum B hopmyiry
JAHHBIE YCIOBHSI, MOJTYUUM:

Al = Vx2 +y2 +22 =42 + (=3)2 + 122 = V16 + 9 + 144 = V169 = 13

4) Opr Bektopa a (0003HAUaeTCs €, )-3TO BEKTOP KOJUIMHEAPHBIA M

COHAIPABJIEHHBIA € BEKTOPOM 4, JUIMHA KOTOporo pasHa 1. OpT BeKTOpa HaXOIUTCS
1

. ->
o ¢opmyse: e; = a- o

[Tpumep: Haiitu opt BekTopa a, eciu a{2; —3; 6}. UToOBI HAWTH OPT BEKTOpA,
BBIYKCIIUM €T0 JUIUHY:

ldl =x2+y2+22=1/22+(-3)2+62=V4+9+36=V49 =7

[ToncraBum B hopMyIy MOTyYEHHBIE TaHHbBIE, TTOTYUHM:

-1 _q. 3.1 (2. _3.6
ea—a'm—{z, 3) 6} 7_{71 7: 7}

CucTtembl KOOpJUHAT.

Cuctemoil KOOpAMHAT Ha MNPSIMOM HAa3bIBA€TCSI COBOKYNHOCTh TOYKH O —
Hayaja KOOPAWHAT M €IMHUYHOTO OAa3MCHOrO BEKTOPA €, KOJUIMHEAPHOIO JAHHOM
MPSMOM.

JlekapToBOM CHCTEMOW KOOPAMHAT HA IUIOCKOCTH HA3bIBACTCSI COBOKYIHOCTH
toukn O — Hayajga KOOPAMHAT M JABYX Oa3HCHBIX BEKTOPOB €1 , &, (€, U &,

HEKOJIJTUHEAPHBI).
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JlexapToBOW CUCTEMOW KOOPAMHAT B IPOCTPAHCTBE HA3BIBAETCS COBOKYIHOCTh

toukn O — Havala KOOPAMHAT M TPeX Oa3HMCHBIX BEKTOPOB €1, &,, 63 (€1, €5, €3-

HEKOMIUTAHAPHBI).

Koopaunats! Ha
IpsIMOM

KoopanHarsl Ha MIIOCKOCTH

Koopannatsl B mpocTpaHcTBE

HasBaunue

YucnoBadg ocb

[IpssMmoyronbHas gexapToBas
CUCTEMAa KOOPAMHAT

IIpssMoyromnbHas aexkapToBas
CHUCTEMAa KOOPAMHAT

Crroco0 3amanus

() O - nHagaino

() O - Hayano KOOpIUHAT

() O - Hauas0 KOOpAUHAT

TOYKH OTpe3Ka

2

2 2

CHCTEMBbI KOOpAMHAT €1, &, - 6asucHEIe BEKTOPBI  |&1, €5, €3 - GA3UCHBIE BEKTOPHI
KOOPIMHAT ¢ — Oa3MCHBIN
BEKTOP
Koopmunatst AB | AB = {x —x,} | AB = {x5 — x4 V5 — Vu} AB =
_ _ {xp —x45¥5 __:))IA; zy — Zp}
| |4B| = Ix5 — x4l |[4B| = |[4B| =
niHa AB — _ 2 — v.)2
A = (g — %)% + vz —ya) _ |G =)+ (s — a2 +
+(zp — Z4)?
Koopannatsl
CepeIMHHON C (222 C (HiZ, Yatsy C (4tXs, Yatyp 24t gy

) 2

4. Haiinure KOOpIUHATHI BEKTOPA 5AB — 3@), ecm A(—3,0,6), B(5,—7,3),
c(-2,4,2),D(3,-3,11).

OrnpenenuM KOOpAUHATHI BeKTopa 4B 10 hopmyiie:

—_
AB = {xg — X4; Vg — Ya; Zg — Z4}, NOACTABUM KOOPAMHATHI TOueKk A u B,

nonyunm: AB = {xg — X4} Vg — Ya; 25 — 24} = {5 — (=3); =7 —0;3 — 6} =

Haiinem

KOOP/IMHATHI

54AB{40; —35; —15}.

={8; —7; -3}

BEKTOpa

Onpenennm KOOpAHHATBHI BEKTOPa CD 1o dbopmye:

5AB{5-8;

5:(=7)5-(=3)} ,

_—
CD ={xp —x:;¥p — Yc; Zp — Z¢}, mojacraBuM koopauHatel Touek C u D,

nonyanm: CD = {Xp — X} Vp — Ve Zp — z¢} = (3 —(=2); =3 —4;11 -2} =

Haiigem

KOOPIMHATHI

3CD{15; —21; 27}.

={5; —=7; 9}

BEKTOpa 3CD{3

5 3-(=7);3-9%
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3ateM U3 KOOpPAMHAT BEKTOpA SAB BbluTeM KOOpAUHATBEL BEKTOpa SC_D),
nonyuum: 548 — 3CD{40 — 15; —35 — (-21); —15 — 27},
S5AB — 3CD{25; —14; —42}
Orset: 5AB — 3CD{25; —14; —42).

Metoauyeckue ykazaHus U MpaBuUiia BBIMOJHEHUS K 5 3a/IaHUIO;

YpaBHEeHHE NPSAMOM HA TIIIOCKOCTH.

1) O6uiee ypaBaenue npamoii: Ax + By + C = 0, rne A% + B% # 0.

n = {A; B} nepnenmukynspuelii Kk mnpamoii Ax + By + C = 0 HasbiBaeTcs
HOPMAaJIbHBIM BEKTOPOM.

[ = {—B; A} HalpaBJieHHbIM BaOAb mnpsmoil Ax + By + C = 0 Ha3bIBaeTcs
HAIPaBJISIOIIUM BEKTOPOM.

VYron Mexy AByMs MPSAMBIMH PaBEH YTy MEXKIy HOPMaJIbHBIMH BEKTOPAMH.
Ecnu npsiMble a 1 b nepneHauKyIspHbL, TO 1, = It b-

IMpumep: Yepe3 Touky P(—2,5) mpoxomur mupsMasi, MEPHCHIUKYIIPHAS
npsSMOH, 3aJaHHOW ypaBHeHHMEM 5x —y — 11 = 0. 3anumwure ypaBHEHHE ITOU
MPSAMOM.

O6o3Ha4uM 4epes 7, u fa NEPNEHIUKYJISPHBINA W HANIPABISAIOMINI BEKTOpa JJIs
npsaMoii 5x —y — 11 =0, a ugepes 1, u fb MEePICHAUKYIAPHBIA U HaMPaBJISIONIUNA
BEKTOPa HCKOMOU MPSIMOM.

Hus npsamorr S5x —y— 11 =0 omnpenenum kodpdurmentst A, BuC c¢
MOMOIIbI0 001Iero ypaBHeHus: npsimoir Ax + By + C =0, nmomyuum: A =5,B =
—1,C = —11, Torga mepneHAUKYISPHBIN W HAINPABJISAIOMIMNA BEKTOpA JJISI JAHHOMN
npsAMoit umeroT koopauHatel: 1, = {A; B} = {5;—1} n fa = {—B;A} = {1;5}.

UtoOsl HammcaTh ypaBHEHHE MPSMOH, MEPICHAUKYISIPHON TPSIMON S5x — y —
—11 = 0, Bocmonb3yeMcsl MPABUJIOM: €CIH TPSIMbIE @ U b MepreHIUuKYISIPHBI, TO
#i, = I, suaunt I, = {—B; A} = {5;—1}. U3 s10r0 ClleayeT, 4T0 KOI()PULHEHTEI

A u B uckomoii mipsimoit paBHbel: A = —1,B = —5. Uto0s Haiitn ko3¢ dunueHt C,
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MOJICTaBUM B oO1ee ypaBHeHue npsimoil Ax + By + C = 0 koaddunmientst A v B u
koopauHaTel Touku P(—2,5), momyunm: —1-(—2)+ (—=5)-5+C = 0. Pemum
JAHHOE YpaBHEHUE:!
2—25+C=0
—23+C=0
C =23

VYpaBHeHue NpsIMON, MEPNEeHIUKYJIsApHOU mpsiMolt 5x —y — 11 = 0, Oyner
umers Bua: —1-x+(=5)-y+23 =0, 19 WOJIy4YEeHUS MOJOKHUTEIHLHOIO
ko3 dUIIMEeHTa NpU X, YMHOXKUM JIaHHOE ypaBHeHHME Ha —1 M MOJY4YHUM OTBET:
x+5y—23=0.

2) YpaBHeHHE TPsAMOW C yrIOBbIM Kod(dduuumenrom: y = kx + b, rne k -

yria0BoW KO3(DPUIIMEHT NpSIMOH, a b — AJIMHA OTpe3Ka, OTCEKAeMOro MpSIMON Ha OCH

oY.

. Y2—y
Ecnu Ha psiMoii a B3sThl TOUkU My (X1, V1) U M, (x5, ¥,), T0 k = =
X2—X1
Ecau npsimbie a u b mapainensHsl, 10 kg = k.

Ecnu npsimble a u b nepnenaAukyssipast kq - k, = —1.

ka—kq
1+k1'k2 )

Ecmu npsimble a u b mepecekarorcs, To tge =

[Tpumep: Onpenenuts k u b ns npsimoit 2x — y + 3 = 0. UtoObI onpenenuts
K03 PuIMeHTsl k U b, Hy)KHO W3 JAHHOTO YPaBHEHHUSI BBIPA3UTh Y, MOTYUHM:

—y=-2x—3
y=2x+3

W3 ypaBHEHUs TIpsIMOM C yIiIOBBIM KO3 uniuenTom: y = kx + b cnemyet, 4to
k=2wub=3.

IMpumep: Haiigure yrioBoit koaddumueHT npsiMoi mo asym toukam A(3,8) u

B(2,10).

Bocross3yeMcst paBHIOM: €CIIM Ha NPSIMOWM a B3AThl TOYKH M;(x1,y,) #

M,(x5,v,), T0 k= zz_zl , TOACTaBUM B (hOpPMyIdy KOOpAMHATH To4Yek A, B u
27
10-8
noyryanm: k = Pwre —2.
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[Ipumep: BbruucnauTe TaHMEHC OJHOTO M3 YIVIOB, 00pa3yeMbIX MPSIMBIMU:
X+ 5y —7=0u2x —3y+ 8 = 0. Bocnons3yeMcs IpaBUIOM: €CJIH TIPSIMBIC a B b
kz_

K .
——L YroObl HAWTU YIJIOBBIE KOO()PHUIMEHTHI MIPAMBIX

epeceKkarTcsa, To tge = kR
12

kq v k,, HYy)KHO U3 UX YpaBHEHUH BbIPAa3UTh Y, MOIyYuM: X + 5y —7 = 0
S5y=—x+7
1 7
Y= TEETS
y=-025x+1,4
Te. .k =— % Tenepb HaiieM BTOPOil KO3 PUIIUEHT:

2x—3y+8=0

—3y=-2x—18
2 8
Y=3% s
2 2
y = E.X + 25
2 kz_kl
Te. k, = 3 TOJCTaBUM MOJIY4CHHBIE NaHHBIE B bopmyny tge = Tk
112

2 1 2 1 10+3
IIOJTyYHM OTBET. tgQp = 5_(__) — il o s 1315
' 1+2(-3) 12 2215 13

5 15 15

. X,y
3) YpaBuenue npsimoit "B orpe3kax': — + > = 1. Yucna a u b paBHBI qIuHaAM
a

OTPE3KOB, OTceKaeMbIX Npsimoii ot oceld OX u OV, cuntas OoT HaYaIa KOOPJAUHAT.
[Mpumep: Hanuminure ypaBHEHHE MPSIMOi, Ipoxosiieii uepe3 Touky P (4, —3),
OTCEKAIOWIE OT KOOPJIMHATHBIX OCEHM OTPE3KH OJMHAKOBOM JUIMHBL. T.K. OTpE3Ku

ONMHAKOBOM JumHbel, TO a = b . IlogcraBum KoopauHatel Touku P(4,—3) B

. X,y
ypaBHEHHE NpsMoil "B oTpe3kax': — + 5= 1, nonyuum:
a

+%3=1(T.K.a=b)

NN S

°|
|

1

QIr

a =1 = b, Torna ypaBHEHHE MIPIMOI UMEET BUI: f + % =lwmx+y=1.

Kpussie BTOporo nopsiaka.
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x2 y?2
; + F =1 - YpaBHCHHUC QJUIHIICA.

DIIJIAIIC CUMMETPUYEH OTHOCHUTENBHO OCEH
koopauHat. [lapamerpel a u b HaspiBaroTCs
MoJyocssMH  djuiunca (OoybIIOW W Maylon
COOTBETCTBEHHO), Touku A,(—a,0), A,(a,0),
B,(=b,0) , B,(b,0) wHaspBalOTCA €ro

BCpIINMHAMMU.

A](_d{:l:l/_-

B,ib. o)

R,
?\Aﬁa;ﬂ'?

Fyl-o:d)

Bii-b.0)

Ecmu a > b, T0 dokycer HaxomsTess Ha ocu OX Ha paccrosiauu ¢ = Va2 — b? ot

nentpa smmmrca O, ecim a < b, To Gokycsl HaxouaTes Ha ocu OY u ¢ = Va? — b2.

(x —a)? + (y — b)? = R? — ypaBuenue okpyxHoctu, rae O(a,b) — uentp, R-

paauyc.
X
— —==1 — ypaBHCHUE THUINECPOOJIBI.

['unep6ona cuMMETpUYHA OTHOCUTENIBHO OCel
koopauHat. Ona mnepecekaer ocb OX B
toukax A;(—a,0) u A,(a,0) — BepmmHAx
runepbosbl, u He Tepecekaer ocu  OY.
[TapameTrp a Ha3pIBaeTCSd  BEUIECTBEHHOMU

MOJIYOChI0, b — MHUMOW IOTyOCHIO.

b
dokychl HaxoasATca 1o (opmyne c? = a? + b?. IlpsaMble Y = + — x Ha3bIBAIOTCS
a

ACHUMIITOTaMH FI/IHCp6OHLI.

y? = 2px — ypasHenue mapabonsl. IlapaGona,

3aJaHHasn YKa3aHHbIM KaHOHHNYCCKUM YPaBHCHHCM,

CHUMMETpPHYHA OTHOCHTENbHO ocu OX, oHa mMeeT (PoKyc

14 14
F (5;0) W JUPEKTpUCY X = —= . Ecnun

Mixw)

BEpIINHA

napabonsl nmepenecena ¢ touky C(a,b) , To ypaBHeHue

npumer Bux: (y — b)? = 2p(x — a).

OOFipsiin




Ipumep: Hamummre ypaBHEHHE OKPYXHOCTH ¢ meHTpoMm B Touke C(3,1),
KoTopast mpoxoaut 4depe3 Touky A(7,4). UroObl HamKcaTh ypaBHEHHE OKPYKHOCTH,
HY>KHO 3HaTh KOOPJAMHATHI €€ LIEHTpa U paauyc. KoopInHATBI IEHTpa HAM U3BECTHBI
U3 YCJIOBHS, a JUIsl HaXOXIEHUS paJuyca BOCMOdb3yeMcs (OpPMYJIOil BEKTOPHOM

anreOpbl (HaXOXKICHHE PACCTOSHHS MEXKIy ABYMs TOYKAMH WIIH JUTHHBI BEKTODA):
R = |A—(f| =0 —x)2+ e —y)?=VB-72+(1-4)2 =
=J(=4)2+(-3)2=V16+9=V25=5

HOI[CTaBI/IM B YPaBHCHHUC OKPYXHOCTH KOOPAHWHATBI ILCHTPA W paanyc

(x — a)?> + (y — b)? = R? u noAy4YnM OTBET:
(x—3)2+(y—1)2 =52
(x—3)2+(y—-1)2=25

2

2
[Tpumep: OnpeaenuTs AIUHBI MOTYOCEH CIEIYIONIUX JITUIICOB: ) ;C—S + 311—6 =
1
6) x* + 144y =576 B)x%+ 144y? =1 1)9x% + 4y* = 36.
2 2
[IpuBenem Bce ypaBHEHHS K OOIIIEMY BUAY YpaBHEHUS AJUIAIICA % + Z—Z =1mu
HaWJEM JJIMHBI ITOJIyOCEH:
a)x_2_|_Y_2:1 0) x>+ 144y%? =  B)x?+ 144y =1 r1)9x%?+4y? =36
25 16
x2 yz 576 x_2+144y2:1 E_l_%:]_
2 4+2X -1 1 1 36 36
52 42 x? | 144y% 1 ) ) ) )
P = x y: o x y: _
Cl=5,b:4. 576 576 F+1_2_1 6_2+6_2_1
x? y? 1 122 32 22
242 | 242 T 1 6 6
122 a=1,b=—. a=-=2,b=-=3.
12 3 2
a=24b=2=2.

12
[Ipumep: Hanumwute koopauHatel ¢Gokyca mnapabosbl F ¥ HamUIIUTE
ypaBHEHHE ee AUPEKTPHCHI, €CU ypaBHEHUE TIapaboiIsl UMeeT B y2 = 16x.
[TpuBenem BhINIEyKa3aHHOE ypaBHEHHE K OOIIEMY BUAY YPAaBHEHHsI MapaOOIIbI

y? = 2px u Haiinem ee mapamerp p: yZ = 2-8-X, U3 TOro cieayeT, 4Tto p = 8.
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YtoObl HaliTH (HOKYC M AUPEKTpUCY MapaboIibl MOACTABUM MapaMeTp p B HopMyIbl
F (g; O) nx = —g, MOJY4YHM OTBET: F (g; 0), F(4;0),x = —g = —4,

[Tpumep: Haiitu xoopauuatel okyca F, BepuiuHbel C U HanucaTh ypaBHEHUE
JUPEKTpUCH] mapabonbl: a) y> — 6y +9 =4x 6) y>+2y+9=8x B)y?> =2x +
8 1) 6y = x?—8x + 4.

[IpuBeneM Bce ypaBHEHMS K ypaBHeHHIO mapabonsl Buga (y — b)? =
2p(x —a) co cmemenHoil BepmuHOi B Touky C(a,b) ¥ HailiieM KOODIMHATHI
¢okyca F, Bepuubl C ¥ ypaBHCHUE TUPCKTPUCHL:

JIns  HaxoXIeHWs ~ KOOpPAMHAT  IIGHTpa  BOCHOJIb3yeMcs  (hopMyiaamu
COKpAIlEHHOTO YMHOKCHHUSI:

1. Ksazpatr cyMMbI IByX BhlpaskeHuii pasen: (a + b)? = a% + 2ab + b?

2. KBajpaT pasHOCTH ABYX BhIpaxkenuii paen:(a — b)? = a? — 2ab + b?

3. PasHocTs kBagpatoB: a> —b? = (a—b)(a +b)

4. Ky6 cymmsr: (a+ b)3® = a3 + 3a%b + 3ab? + b3

5. Ky6 pasnoctu: (a — b)3 = a3 — 3ab + 3ab? — b3

6. Cymma ky60B: a + b3 = (a + b)(a? — ab + b?)

7. PazHocTs ky60B: 2> — b3 = (a — b)(a? + ab + b?)

a) y2 — 6y + 9 = 4x 6) y> +2y +9 =8x
Bocnonszyemcs popmyoii: Briaenvm moaHbIN KBaJIpaT CYMMBI M BOCITOJIB3YEMCS
(a —b)? = a%? — 2ab + b? dopmymnoii: (a + b)? = a% + 2ab + b?
y2—2-3-y+32=2-2-x y2+2-1-y+12—-124+9 =8x
(y—3)2%=2-2-(x—0) (y+1)2—-1+9=28x
€(0,3),p = 2,F(1;0),x = —1. (y+1)2+8=8x

(y+1)?=8x-38
(y+1?=8(x—-1)
(y+1)2?=24-(x—1)

C(1,-1),p =4,F(2;0),x = 2.
B)y?=2x+8 r) 6y = x%2 — 8x + 4.

y2 =2(x +4) Brinenum TIOJIHBIN KBajapar pPa3sHOCTH
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y2=2-1-(x+4) Bocmonb3yemcs popmynoii:(a — b)? = a? — 2ab + b?
C(_‘L'O)"’:LFG‘O)’ 6y =x*—2-4-x+4%>—4*+4
! 6y = (x —4)? — 42 + 4
T 6y = (x — 4)2 — 16 + 4
6y = (x —4)? — 12
6y + 12 = (x — 4)?
6(y +2) =(x—4)>
6(y +2) =(x—4)>
2:3:-(y+2)=(x—4)*
C(4,-2),p = 3,F(1,5;0),x = —1,5.

5. Onpenenuthb BUJ KPUBOM BTOPOTO MOPSIIKA U AJIMHBI OJyoced a U b:

x* 2 _
100+4y = 1.

xZ 2
OTO ypaBHEHHE OHIUIMIICA, MPHUBEAEM €ro K oOIleMy BUAY —2+2’—2= 1u
a

HaWJEM JJIMHBI ITOJIyOCEH:

1
OrtBet: outce, a = 10,b = >

Meroauyeckue ykazaHus U IIpaBujia BBIIIOJIHEHUS K 6 33JJaHUIO:
Omnpenenenne pynakuuu. ['paduku snemMmeHTapHBIX QYHKITHIA.
UucnoBoil ¢pyHKkIMeN ¢ obnacTeio onpeaeneHusi D Ha3bIBaeTCsl COOTBETCTBHUE,
P KOTOPOM Ka)XJOMY YHUCIY X U3 MHOKecTBa D comocTaBisieTcs MO0 HEKOTOPOMY

MPaBUILy YHCIIO Y, 3aBUCSIIEE OT X.

OO6nacth onpeaeneHus PyHKIIMHA — 3TO MHOYKECTBO BCEX 3HAYCHUM apryMEHTa,

Ha KOTOPOM 3aJ1aeTcsi PyHKITHSI.
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I'padpuk ¢yskmmu y = f(x) - 3T0 MHOXKECTBO BCEX TOUYEK IIIOCKOCTH,
KOOPJIMHATHL X, Y KOTOPBIX YAOBIETBOPAIOT COOTHOIEHHIO ¥ = f(x).
DyHKIMA Ha3BIBAETCS YETHOM, €C/IM crpaBe1iuBo paBeHcTBo f(—x) = f(x).

DyHKIMSA Ha3bIBa€TCs HEYETHOM, €CIM CIpaBelauBO paBeHCTBO f(—x) =

—f(x) . OYHKIMK, HE MNpUHAJIEKAIIME HU OJHOM M3 KaTEropuil BbIIE,
Ha3bIBAIOTCS HU YETHBIMU, HU HEUETHBIMU (WM PYHKIUSAMU OOIIEro BUA).

OyHKIUS Ha3bIBAETCS NEPUOAMYECKON ¢ mepuogoMm T, eclu CHpaBeluBO
pasenctBo f(x £ T) = f(x).

[Ipumep: Haiigute obnacTe ompeneneHuss GyHKUUHU, BBISICHUTE SIBISIETCS JIH
OHA YETHOM, HEYETHOW WJIM OOIEro BHUJA, U HapuCyiiTe ee rpaduk: a)y = |x + 2|
6)y =x + x? B)y:% Ny =42 1)y =logs(x + 2).

HanmomuuMm, uro Ha oOnacTh ompeaeneHus (DYHKIMH MOTYT HaKIaJbIBaThbCS
CJIEIyIOIINE OTPAHUYCHUS:

1) monkopeHHOE BBIpAXKEHUE KOPHS YETHOM CTemeHu Oouiblie, JHOO0 paBHO
HYJIIO;

2) 3HaMEHATENb HE PABEH HYIIIO;

3) BeIpakeHHUE, CTOSAIIEE O] 3HAKOM Jorapudma O0JIbIe HYJIS.

a)y = |x + 2|

T.k. HU OAHO W3 TpPeX OrPaHUYCHUN HE MOAXOAHUT K NAaHHOW (DYHKIIMH, MOXKHO

ClIeJaTh BBIBOJ, 4TO X - JII060€ uncio, T.e. D (y): (—oo; o).

UtoObl ompenenuTh YETHOCTh WM HEYETHOCTh (YHKIHMH, HYXHO BMECTO X

nogacraButh —X. Y(—x) = |—x + 2|. T.x. QyHKUMsA, He NPUHAIIEKALINE HA OJHOU U3

kateropuii paBeHcTB f(—x) = f(x) wmm f(—x) = —f(x), 10 oHa sBisteTcst (GyHKIHEN

o0111ero BUIA.
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Ucxons u3 Ttoro, 4ro D(y): (—oo; ),
X JUIsl TIOCTPOEHHsl rpauka MOXKHO Opathb

JIr000e€.

x y
0| y=10+2=12|=2
—2 | y=|-2+2[=10]=0
—5|y=|-5+2|=|-3]=3

[MocTpouM rpaduk 10 JaHHBEIM TOYKAM.

0)y = x + x*

T.K. HM OZHO M3 TPEX OTrPaHUYCHHMN HE MOAXOMUT K JAaHHOM (PYHKIMH, MOXKHO
clieaTh BBIBOJ, YTO X - J1060€ uncio, T.e. D (y): (—oo; ).

YroObl ONpEAEINTh YETHOCTh WM HEYETHOCTh (YHKIUH, HYXKHO BMECTO X
OJCTABUTE —X y(—x) = —x+ (—x)? = —x +x? . T.x. ¢yHKuus, He
OpuHaIjIekKallie HA  OJHOM w3  Kareropuwii paBeHCTB f(—x) = f(x) wm
f(=x) = —f(x), 10 oHa sBIsieTCst (DyHKIMEN OOIIErO BU/IA.

Hcxoms u3 Toro, 4ro D(y): (—oo; ), x mis moctpoeHus rpaduka MOKHO Oparh
mo6oe. TIpy mocTpoeHMW Mapaboibl CHAYaja HAXOAST KOOPAMHATHI €€ BEPIIMHEI, a

3aTeM OepyT TOYKH CHMMETPHUYHBIC OTHOCUTEILHO Hee. AOCIcca BEPIIMHBI Tapadoibl
b
y = ax? + bx + ¢ HaxoauTca mo Qopmyne: X, = — 70 B nmanmHOM mpumepe
a
koo durment npu x> u x pasen 1, T.e.a =1 u b = 1. Haiinem Bepmuny mapaGombi:

Xg = —— = —— = —==—0,5. [l Toro utoObI HAWTH OPJUHATY BEPIITUHBI TAPAOOIIBI

TOJICTAaBUM X B GYHKIHIO, TTonyduMm Yo = —0,5 + (—0,5)2 = —0,5 + +0,25 = —0,25.
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X y
-3 |y=-34+(-3)>=-34+9=6
-2 |y==-2+4+(-2)2%=-2+4=2
-1 |y==1+(-1)?=-1+1=0
—-0,5 —-0,25
0 y=0+0%=0
1 y=1+1*=1+1=2
2 y=2+22=2+4+4=6
-

HOCTpOI/IM I‘pa(I)I/IK 110 1aHHBIM TOYKaM.

1
B)Yy =

xZ
B nanHOM mpuMmepe (orpaHuueHMe 2) 3HaMeHaTelb He paBeH Hymo) x2 # 0, T.e.

x # 0. MoxHO cnienath BBIBOJI, YTO X - JIF0O0o€ uncio, kpome 0, T.e.

D(y): (—oo; 0) U (0; 0)

YroObl OMpeneanuTh YETHOCTh HIIM HEYETHOCTh (DYHKIMH, HYXKHO BMECTO X
1
(—=x)?

byHKIMSA ABISETCS 4YeTHOW. Mcxons u3 Toro, 4To

1
noAcTaButh —X. y(—x) = == T.x. cipaBemBo paBeHctBo f(—x) = f(x), To

D(y):(~o0; ) U(0;0) , x gﬁf
MOCTpOCHHs Tpaduka MOXKHO Oparh Joboe, B
kpome 0. 'T

l‘ -
x y
_2 = L = l =
y 2~ 3 0,25
_1 = L = l =
Y=ttt
1 1 1
T2 y_(_%)z_g_él 5 5 4 EEREES
_1 __t _1_ 2
s TR
1 1 1
—_ y = —_—= = 9
3 @ s
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2 y=—=2=025

22 4

[TocTpoum rpaduk no JaHHBIM TOYKAM.

F) y = 4x+2

T.K. HH OJHO M3 TPEX OrPAaHUYCHHH HE MOIXOAUT K JAHHON (YHKIIUH, MOKHO
ClIeNaTh BBIBOJ, 4TO X - JH000€ uncio, T.. D (y): (—oo; ).

Yrobbl ONPENEINTh YETHOCTh MM HEYETHOCTh (YHKIMH, HYKHO BMECTO X
noacTaButh —x:. y(—x) = 472 Tx. QyHKuus, He NpHUHAAJIEKAIINE HU OJHOH M3
kateropuii paBeHcTB f(—x) = f(x) wmm f(—x) = —f(x), 10 oHa siBiseTcs (QyHKIMEN
o0111eT0 BHUA.

Hcxoms u3 Toro, uro D(y): (—oo; ), x mis moctpoeHus rpaduka MOKHO Oparh

nro0oe.

X y

— 1

3| y=a32=41=22025
A

—2 y=4"7*=4%=1

-1 y=4"1"2=41=4

0 y =4 =4% =16
[TocTpoum rpaduk Mo JaHHBIM TOYKAM. ﬁ 3

el

n)y = logs(x + 2)
B ngannom mnpumepe (orpaHudyeHue 3) BBIPOKEHHE, CTOSANIEE IOJ 3HAKOM

norapudma Oonbuie Hyns) x + 2 > 0, T.e. x > —2. MOXHO cHaenatb BbIBOJ, YTO X -
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11000€e uncio 6oabine —2, 1.€. D (y): (—2; ).

YT1oObl OMNpENETUTh YETHOCTh WM HEYETHOCTh (DYHKIMH, HYXKHO BMECTO X
nozacraButh —x. Y(—x) = logs(—x + 2). T.x. QpyHKIUs, HE NPUHAIEKAIINE HA OTHON
u3  kareropuii  paBenctB f(—x) = f(x) wm f(—x)=—-f(x) , TO oOHa
sByseTcs (PYHKIIMEH 00MIero Bua.

Hcxoas u3 toro, uyro D(y): (—2; ), x mig mocTpoeHus rpapuka MOXKHO OpaTh
moboe Oonbiie —2. Ilpu nmoctpoenun norapupmuyeckor (GyHkuuu OyaeM HOa0UpaTh
TaKkue X, 4TOObI 3HaYEHUs Joraprudma MOKHO ObLIIO Obl MOCYUTATH 0€3 KaJbKyJISITOpa.

y=logs5=1,Tre.x+2=5x=3. 9’__\Y

y=logs1=0,te.x+2=1,x=—1. 8+

7 +

y=10g5§=—1,T.e.x+2=§, o ok

CoctaBuM TabmuIy 1O MOJYYEHHBIM 3T
JAHHBIM:
X y
3 y=1
-1 y=20
-18 | y=-1

[TocTporM rpaduK 1Mo JaHHBIM TOYKAM.

IMpenen 1 HEMPEPHIBHOCTD (DYHKIIMU B TOYKE U HA OECKOHEYHOCTH.

Yuco b HassiBaetcs npenesnioMm Gyakuuu y = f(x) npu x, cTpemsieMcs K a,
€CIM JUIS JII00O# TOCIeI0BATEILHOCTH {X,,}, CXOMAIIECHCS K @, COOTBETCTBYIOIIAS

nocienoBarenbHocTh f(X,,) cxomurcs K b, T.e. b = lim f(x).
x—=a

®Oyuknus f(x) Ha3bIBaeTCSA HEMPEPHIBHON B TOYKE A, €CIM OHA ONpEJeiicHa B

TOYKE 4 M CYIIECTBYET Mpe/Ieyl, paBHBIN 3HAYCHUIO (PYHKIIUH B TOUKE A, T.C.
lim f(x) = f(a).
x—a
[Ipexxae Bcero, mepes pelieHueM JI000ro mpesesna, 00sS3aTeabHO BBITTOIHIEM

MOJACTAHOBKY «MKCa» B () YHKIIMIO — HEOMPEAEIEHHOCTH MOXKET U HE OBITH!
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L |o

a
Ecnu a - moboe uncio, To cupaBeyinBbl paBeHcTBa: — = 0,
o0

. e 0 0 .o [ 0\%
Buael HeonpenenéHHOCTEN: ;’5’1 A\ ,0 00,00 — 00,

o o 0
HepBBII/I 3aMCYaTCIbHbBIN IPEACIT MPUMCHUM K HCOIIPCACICHHOCTH BU A 6:

sina

. ) a
lim =1 wm lim—— = 1.
a->0 «a a—0SIna

BTOpOﬁ 3aMeyaTeIbHbIN npeacyi NpUMCHUM K HCOIPCACICHHOCTU BHUIA 1%

1\% 1
lim (1 + E) = e um lirr(l)(l + a)e =e.
a—

a—oo
-1 Vx+2-2
[Mpumep: Borunciauth mpeaensl: a) llm 0) lim ———— B) lim ——
3+4 —>1x3—x2 +x—1 X—2 x2-5x+6
) lim 1+4x—x? ) lim x?(Vx3+1-Vx3-1)
r — :
x—00 4x%2+x+1 A X—00 Vax+1

-2
x3+4. BwmecTto x moacTtaBuM B peaes YUCIO0 2 U TOCYUTAEM €ro:
-2

a) 11

x?-2 22-2  4-2 2 1
lim = =—=- . B paccMOTPEHHOM npuMepe
X2 x3+4  23+4  8+4 12 6

HCOIIPCACICHHOCTH HCT.

0) 11 - 2+ — . BmecTo x moacTaBuM B mipeelt yuciao 1 u mocynTaem ero:
-1 x3—x
x2-1 12-1 1-1 0
lim = (=). DTo HeompeaeIeHHOCTh, YTOObI
o B —xPtx—1  P-1241-1  1-1+1-1 0

OHAa HCYe3j1a HY)KHO BBIIOJHHUTH TC WM WHBbIE MpeoOpa3oBaHus (pa3ioKCHHE Ha
MHOYKUTEIU U COKpAIIEHUE IPOOH).

Pa3j10kuTh HA MHOYKHMTEIM MHOTOYIEH MOKHO HECKOJIILKUMH CIIOCOOAMH:

1) ¢ momortso GopmMyIT COKPAIIECHHOTO YMHOXKEHUS:

1. KBazpar cyMMbI 1ByX BhIpaskeHuii pasen: (a + b)? = a% + 2ab + b?

2. KBaapaT pasHOCTH ABYX BeIpaxkeHuii paseH:(a — b)? = a? — 2ab + b?

3. PasHocTs kBagpatoB: a> —b? = (a—b)(a +b)

4. Ky6 cymmsr: (a +b)3 = a3 + 3a%b + 3ab? + b3

5. Ky6 pasnoctu: (a — b)3 = a® — 3a?b + 3ab? — b3

6. Cymma ky6oB: a3 + b® = (a + b)(a? — ab + b?)

7. PazHocTh Ky6oB: a° — b3 = (a — b)(a? + ab + b?)
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2) BBIHECEHUEM OOIIEr0 MHOXKHUTEIS .

3) KBaApaTHBI TPEXWIEH PacKIaablBacTCs C IMOMOIIBIO IMCKPHMMHUHAHTA II0
dopmyne ax? + bx + ¢ = a(x —x;)(x —x,), TAe X; ¥ X, - KOPHH KBAaAPATHOTO
ypasHeHus ax’ + bx + ¢ = 0.

B gaHHOM npuMepe YHCIUTENb PaCcKIaIbIBAETCS MO (POPMYJIE COKPAIIEHHOIO
yMmHOkeHus a — b% = (a — b)(a + b), monyunm:

x> —1=x%2-1%2=(x—1)(x + 1), a 3HaMcHaTeNb - BBIHECCHUEM OOILETO
MHOKHUTEJIA:

x3—x4+x—-1=x*(x-D+x-1D=x—-1Dx%*+1) . TIloacraBum

IMOJIYYCHHBIC BBIPAKCHUA B IIPCIACII, COKpATUM I[pO6B N CHOBA I1OACTAaBUM 1:

. x%-1 0 . (e-D(x+1) . ox+1 1+1 2
hm— = (-] = —_— = = - = ]_
x—1x3-x2+x-1 0 x—1 (x—1)(x2+1) xo1x2+1 1241 2
B) lim Nx+2-2

x—2 x2-5x+6

Bwmecto x ImoACTaBUM B IIPECACT YHUCIIO 2 U IOCUMTAEM €TO:

. Vx+2-2 V2+2-2 Va-2 2-2 0
lim = = = = (- DTO  HEOIPENEIICHHOCTb,
X—2 X2—5x+6  22-5246 4-10+6 —6+6 0

4TOOBI OHA HCYE3Jla HY)KHO BBITIOJIHUTH T€ WM HWHBIE IpeoOpa3oBaHus. B gaHHOM
MpUMEPE YHUCIIUTEIh YMHOKAEM U JICJIMM Ha COMPSDKCHHOE BBIPAXKEHHE VX + 2 + 2
(a1 momydenus (opMyibl pasHOCTH KkBaipaToB: a’?—b?=(a—b)(@a+b) u

n30aBICHUS OT KOPHS ), TOJTY4YHM:

— _ o _ (x+2-2)-(Vx+2+2) _ (Vxt2) -22 o ox+2-4  (x-2)
x+2-2= (Vx+2+2)  (Vxr2+2)  (Vxr2+2)  (Vx2+2)

3HaMeHaTe b Pa3IoKUM C TOMOIIBIO (HOPMYIIBI KBAJAPATHOIO TpEXdicHa Ha
MHOxkuTeMn ax? + bx + ¢ = a(x —x;)(x —x,) . B mepByio odepenp MHONMb3ysACh
GopMyJI0ii TUCKPUMHHAHTA Hai/IeM KOPHU KBaIPaTHOIO TPEXUIeHa:

x2—5x+6=0

a=1b=-5c=6

D=b*—-4ac=(-5)?-4-1-6=25-24=1

_—b+\/5_—(—5)+\/I_5+1_6_3
2 21 2 2

X1



_—b—\/ﬁ_—(—S)—\/I_S—l_é_z
27 2 T 212 2 T 27

x> =5x+6=1-x-3)x—-2)=(x-3)(x—2)

[loncraBuM TNOJy4YEHHBIE BBIPAXKEHUS B MpeEnes, COKpaTUM JpoOb U CHOBA

2:1im 222 = () = lim 22 = i D=
TIOACTABHM <. x—2 X2=5x+6  \0/  x-2 (—(\/W)(zn))  xo2 (VaFZ42)(x-3)(x-2)
x—3)(x—2
— i 1 _ 1 _ 1 _ 1 _ 1 1
o x‘i% (Vx+2+2)(x-3)  (V2+2+2)(2-3) (Va+2)(-1) (2+2)(-1) 4(-1) 4
14+4x—x>

r) lim —
x—o00 4x“+x+1

Bwmecto x IMOJACTaBHUM B IIPEACIT OO, ITOJTYyYHUM:

(00)

= (—) D10 HeompeaesleHHOCTh. [Ipu BhIUKCIEHUH
(00

14+4x—x2 1+44-00—002
m =
x—00 4x%+x+1  4-0%2+0c0+1

mpeacyioB, CTPEMAININXCA K 6CCKOHGIIHOCTI/I, N3HAYAJIBbHO OIPCACIIAI0T CTAPUIYIO
CTCIICHb MHOI'OYJICHA W ACJIAT HA IMCPCMCHHYIO B HaHHOﬁ creneHu. B IMPUBCICHHOM
BbIIC MHOTOYWICHC CTapIlasa CTCIICHb paBHA 2. PaB,Zle.HI/IM K&)KI[LIﬁ YJICH MHOI'OYJICHA

Ha Xz, COKpaTuM ,HpO6I/I U CHOBA IIOJACTAaBUM OO

2

144 ) 1 4x x 1.4y 1.4
+a4x—x" _ () _ . X2 x2 x2 _ 1: x2 ' x _ 02
A a1 (oo) —;l_f)glo‘}xz x 1 —;1_{{3104:1= r =277 . W3 paseHcrsa
w2z Ttz 2 0 " c0?
a 1 4 1 1
— =0, rae a - moboe yuCIO CleAyeT, 9ro —,—,—,—; crpemarcsa k 0,1.e. mpezaen
o0 [0 ] O 0O ©o
1 ,4x x? 1,4 1,4
aper: lim 20 _ (z): lim 2272 g B @t 1 (o
P Tx—o04x2+x+1l  \oo)  xooo#E X 1y oo ddib—s Ab—t— 4 o
X2 2 52 x x2 00 002

HpI/I BBIYUCJIICHUU IIPCACIIOB MHOI'OYJICHOB, CTPCMAIIUXCA K 6eCKOHe‘-IHOCTI/I,
A0CTATOYHO OIIPCACINTh MHOI'OYJICH CT&pHIGfI CTCIICHH YMCJIIMTCIIA U 3HAMCHATCIIA, a

OCTAJIBHBIC MHOI'OYJICHBI Mnamueﬁ CTCIICHU 0T6p0CI/ITB. 910 YIOPOCTUT 3allChb

1+4x—x%  144-00—00? I L —x2 1
. - (@) =tim 2= —1= 025,

pemenus: lim
©o x—>00 4x2

x—o00 4x%+x+1 o 4-002 40041

li x2(Vx3+1-Vx3-1)
I[) x1—>nolo Vax+1

BMecTo x moacTaBuM B Ipeies1 00, MOTyYUM:
. x2(Vx3+1-Vx3-1)  00?(Voo3+1-vo3-1) o0
,11_{?0 Vax+1 - 4-00+1 - (;)
[Ipy BBIYMCIICHUW TPEACIOB, CTPEeMSNIUXCA K OECKOHEYHOCTH, H3HAYAIBHO
45
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ONpCACIIAIOT CTApIIYIO CTCIICHb MHOI'OYWICHA M ACIAT Ha IMCPEMCHHYIO B JTAHHOM
creneHu. B MNPHUBCACHHOM BbBIIIC IMPUMEPC HEJIB3A OINPCACINTbL MHOI'OYJICH CTaleCfI

CTCIICHH YUCIIUTCIIA, IIOKA HE 130aBUMCS OT Pa3sHOCTH KOpHefI, IMO3TOMY YHCJIUTCIIb

YMHOXaeM M JenuM Ha comnpsokenHoe soipakenne (Vi3 + 14 Vx3 —1) (s

noaydeHust GopMyIIbl pasHOCTH KBajpaTos: a> — b% = (a — b)(a + b) u nzbapnenus

OT KOPHS1), MOJTYYUM:

I x2(Va3+1-Vx3-1) (2) — i x2(Va3+1-Va3-1) (Va3 +1+Vx3-1)
AT o) T AT i)

xz((vxg"'l)z—("xg‘_l)z) T x2(x3+1-x3+1)

x50/ (@x+ DB+ D)+ /@x+D)(x3-1)  x—o00 VAxF+4x+x3+1+Vax*—dx+x3—1

. 2x? . 2x% 1
= lim —— = lim —=-=0,5.
x—00 2X2+2x2 x—o00 4x2 2

MHOro4IeHOM cTapiieli cTemeHH BoIpakeHHi V4x*+4x+x3+1 n

Vax* — 4x + x3 — 1 sBusietcs 4x* Bce ocranbHBIE MHOTOWICHBI MJIAIICH CTEIICHH

O0TOpPOCHUM, MOTYYUM:

Vax* +4x +x3 + 1 = Vax*t = 2x%, Vd4x* —4x + x3 — 1 = V4x* = 2x°.

Tabnuia HSKBUBaJIEHTHBIX 0€CKOHEUHO MabIX pyHKIMi npu x — 0

1. sinx ~x 5. 1—cosx~xz—2 9. loga(1+x)~%
2. arcsinx ~x 6. e —1~x 10.| 1+ x)*—1~ax
3. tgx~x 1. a* — 1~x lna 11. shx~x
4, arctgx~x 8. In(1+x)~x 12. thx~x

. 1—-cos3x
[Tpumep: Beraucnuts npenen lim ———.
x—0 xarcsin(5x)

Bwmecto x noacrasum B nipeaen 0, moryyum:

m l1-cos3x 1-cos30  1—cosO  1-1
x—0 xarcsin(5x) o 0-arcsin(5-0) "~ 0-arcsin0 0

0
= (5)' DTO HEONpeIeICHHOCTb.

JJist BEIYHMCIIEHUS TIPEIETIOB TPUTOHOMETPpUUECKUX (QYHKIUH mpu X — 0 UCTIONB3YIOT

TaOJUIy DKBUBAJICHTHBIX OeckoHeuHOo Manblx ¢yHkmuid. [lo 5  dopmyne

x? (3x)%2  9x? .
(1 —cosx ~?) BbIpakeHue 1 — cos 3x = S = 1o 2 popmyne (arc sinx ~x)
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Beipaxkenne arcsin(5x) = 5x . TlomyueHHble [OaHHBIE IIOACTABMM B IpEaEd,

MTOJTYYUM:
1 3 0 22 9x2 9
—cos3x . . x
im———— = (—) = lim —%— = lim =—=20,9.
x—0 xarcsin(5x) 0 x—0 X'5% x—0 10x2 10

. x%-x-6
6. Boruncnute npeaen pynkuuu: lim ——.
x—3 X?=5x+6

Bwmecto x moacTaBuM B npeacia 4uciio 3 ¥ IOCYUTAEM €TO0:

li x2—x—6 32-3-6 9-3-6 (0

1m — =3 = = —). 9T0 HCOIIPCACIICHHOCTD, yTOOBI OHa
x—3 X“—5x+6 34-53+6 9-15+6 0

UcYe3la HYKHO UHCIUTENIb W 3HAMEHATelIb pPa3JiOKUTh C IOMOIIbIO (QOPMYIIbI
KBaJPaTHOTO TpexuleHa Ha MHoxkuTenn ax’ +bx +c¢=alx —x;)(x —x,) . B

NEPBYIO oUepe/lb MOJIb3YsICh (OPMYIJION JUCKPUMHUHAHTA HAWIeM KOPHU KBaJPaTHBIX

TPCXYJICHOB:
x*—x—6=0
a=1b=-1,c=-6
D=b*—4ac=(—1)?—-4-1-(—6)=1+24 =25

-b+VD —(-1)+V25 1+5 6
xl = = = = -= 3
2a 21 2 2
-b—VD —(-1)-V25 1-5 4
xZ = = = = ——-= —2
2a 21 2 2

x2—x—-6=1-(x—-3)(x—(-2)) = (x—3)(x +2)
x2—5x+6=0

a=1b=-5c=6
D=b*—-4ac=(-5)?-4-1-6=25-24=1

_ —b+VD _ —(=5)+V1 _ 5+1

6

X1 = =-=3
2a 21 2 2
-b—V/D —(-5)-V1 5-1 4

xZ = = = = -= 2
2a 21 2 2

x> =5x+6=1-(x-3)x—-2)=(x-3)(x—2)
[ToxcTaBUM TIONy4YEHHBIE BHIPAKEHHS B TPEJEN, COKPATUM IpoOb M CHOBA

MOJICTaBUM 3:

. x%2-x—6 0 _ . (=3)(x+2) _ . (x+2) _3+2 _ 5 _
}cl_>3 x2-5x+6 (0) - }CE}, (x-3)(x-2) x-3(x-2) 3-2 1 5.
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2
. X“—X—6
Orser: lim ——— =
x—3 X2—5x+6

MeTonuueckue yka3aHus U TIPaBUIIa BHITOTHEHUS K 7 3aJaHUIO:

[TponsBomHass (PyHKIIMM — OAHO W3 OCHOBHBIX TOHATHH MAaTeMaTHKH, a B
MaTeMaTHYeCKOM aHaju3e¢ MPOW3BOJHAS HapsAAy C HWHTETPajoM 3aHUMACT
HeHTpainbHOEe  MecTo. IIpomecc  HaXOXAEHHS  MPOW3BOAHON  HA3BIBAETCS
muddepennmpoBanueMm. OOparHas omeparusi — BOCCTAaHOBJICHUE (DYHKIUU 10
M3BECTHOM MTPOU3BOJHON — Ha3bIBaCTCS MHTETpUpoBaHueM. [IponsBoiHas GpyHKIIUU B
HEKOTOPOH TOYKE XapaKTEPH3yeT CKOPOCTh M3MCHCHHS (YHKIMH B 3TOH TOYKE.
O1eHKY CKOPOCTH M3MEHEHUS MOYKHO IOJTYYUTh, BBIUMCIUB OTHOIICHUE W3MCHCHUS

¢yHKIIMU Ay K COOTBETCTBYIOIIEMY U3MEHEHUIO apryMeHTa Ax.

B onpenenenun  NpOU3BOJHOW — Takoe v y=F{x)
OTHOIIICHHE pacCMaTpUBAETCs B Tpenese Npu Ay
yciopun Ax — 0. Tlepeitnem k 0Oosee cTporoi v
dbopMynHupoBKe: IPUPALLICHUEM apryMeHTa
Ha3bIBAETCS PA3HOCTh MEXKIY ABYMS 3HAUCHUSIMU O
aprymenta: "HOBeIM" u "crapeiM". OOBIYHO

obo3HavaeTcs Kak Ax = x; — Xg.

Hpoussoxuoit y/(x) or dynkuun y = f(x) B TOUKe X, HA3BIBACTCS MPELEI

A
OTHOINICHUS MpupameHus GQyHKuuu Ay K IpUpanieHuio apryMenTa Ax : A—i’ pu Ax —

. Ay . flxo+Ax)—f(xo)
0 y/ (%) = f/(x) = lim = = 1 :
, €CJIM OH CYIIECTBYET, TO ecTh: ¥/ (xo) = f/(xy) lim == lim -

®yukuus f(x) Ha3BIBACTCS HEMPEPHIBHOM B TOYKE X, €CIH Alim0 flx) =
X—

f(xo).

Tabnmma Tporu3BOIHBIX OCHOBHBIX JIEMEHTAPHBIX ()yHKITHA.

1. (€) = 0 (C-mob / = 2 /=L

(©) (C-moboe unco) 8. (log, x) - 15. (arctg x) —

2.(x) =1 9. (sinx)/ = cosx 16. (arcctgx)/ = —1+1x2
/_ 1 10. (cos x)/ = —sinx 17. (shx)/ = ch x
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4. (x*) = ax** (a-moboe uncno) | 11. (tg x)/ = — 18. (chx)/ = shx
cos?x
5. (e¥)/ = e* —— / = 2
(e¥) =e 12. (ctg x) — 19. (thx) ey
6. (a®)/ = a*Ina (a-mo6oe uncno) | 13, (arcsin x)/ = — 20. (cthx)! = —
1-x2 sh? x
/=1 /= -2
7. (Inx) . 14. (arccos x) —
[IpaBuna nuddepeHupoBanus GyHKIUH.
IIpaBuno dopmyna
1. TIOCTOSHHBIM MHOXHUTENb C MOXHO BBIHOCHUTH 3a 3HAK ( cu(x))/ = cu/ (x)

IIPOU3BOTHOM.

2. Ecim cymectByror mpomssommbie u/(x) m v/(x) , To (u(x)iv(x))/=u/(x)iv/(x)
OpousBOgHass OT CyMMbl (pasHoctu) ¢ynkuuid u(x) u v(x)
paBHa cymMe (pa3HOCTH) MPOU3BOIHBIX.

3. Ecim cymectBytor mpomssogmeie u/(x) u v/(x) , To (u-v) =uv+uv/
BBINIOJIHAIOTCA ~ Cleayrolue mnpaBuia JuddepeHIupoBaHus u\/  uwv—uv/
Mpou3BeAeHUs (PYHKIMI 1 YaCTHOTO OT UX JICJICHHUS: (;) = 2 v#0
4. IlpowsBomgHasi cloXHOW (YHKIIMM paBHA MPOU3BOIHOU (u(v))/ =/ (v) v/
BHEIIHEH (YHKIIMM YMHOXXEHHON Ha MPOU3BOJIHYIO BHYTPEHHEH

byHKINH.

[Tpumep: Halitu mpou3BogHyr0 (QYHKIMU: a)y = i 0)y = 3\/% B)y =

ctg x
4

In x
3x2+4

r)y = ny =sin(x?) e)y = tg*(Vx).

1
a)y =—

1

HaxouM Hpou3BOAHYIO ¢ oMomibio popmyisl: (x%) = a * x*~! u3 TaGnuus!

«IIpon3BOHBIX OCHOBHBIX AJIEMEHTapHBIX (YHKIWK». HamoMHUM OTHO M3 CBOMCTB

. 1 1
creneneit a " = — (r.e. = = X 1. Momyunm:

y/ = (i)/ = = () =1 x2 =~

31
0)y= |-

X
HaxoanM mpou3BoAHYIO ¢ moMomibio popmyisl: (x%) = a - x*~1 u3 TaGnus!

«IIpoU3BOIHBIX OCHOBHBIX JJI€MEHTapHBIX (QyHKUMI». HamomMHuUM, 4YTO KOpEHBb
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BCCraga MOKHO IMPCACTAaBUTb B BHUAC CTCIICHW C pallMOHAJIBHBIM I10Ka3aTCIICM (T.e.

1 1
31 1\3 . . -n 1 1\3 1
-=1 ) ¥ OJTHO W3 CBOMCTB CTENECHEH a =a_n(T'e' 2) =% 3). Homyunm:
/
/ 31 ( _1)/ ( 1) e 1 D13 s 1
=||-] =(x73) =(=-=)'x3 " =—=x"3 =—='x3=—=—.
y . 3 3 3 33x*
ctg x
B)Y =—,

1

sin?x

Haxoaum npom3BomHyl0 ¢ mnomompio dopmymsl: (ctg x)/ = — u3

Ta6JII/II_IBI ((HpOI/ISBOI[HBIX OCHOBHBIX 3JICMCHTAPHBIX (I)YHKHHﬁ)>, HC 336BIBaCM, qTo

KOHCTAHTY MOKHO BBIHCCTH 34d 3HAK HpOHSBOI[HOﬁ, IMOJIy4YuM:

/
/ — (Ct9xY _ 1. =1 (__1 \y___1
y ( 4 ) 4 (Ctgx) 4 ( sinzx) 4sin2x
_ Inx
r)y 3x2+4

HaxomuM npousBoanyio ¢ momouisio hopmyin: (Inx)/ = i, (x*) = a-x*1

(€)Y =0 u3 Tabmuupl «ITPOM3BOMHBIX OCHOBHBIX SJIEMEHTAPHBIX (GYHKIHMi» |

u)/ _ w/v—uv/

npaBwil AU epeHupoBaHUsl  YaCTHOTO  (YHKIIUMN: (— , CYMMBI
v

v2

(pa3HOCTH) b yHKIHINA:

(u(x) + v(x))/ = u/(x) + v/(x), He 3a0bIBacM, 4TO KOHCTAHTY MOXKHO BBIHECTH 3a

3HaK MPOU3BOJHOU, OJTYUUM:

/ — ( Inx )/ _ (Inx)/-(3x2+4)—In x-(3x2+4)/ _ §(3x2+4)—1nx(3-2-x2‘1+(4)/) _
y 3x2%2+4 (3x2%2+4)2 (3x2+4)2

%(sz +4) —Inx - 6x
B (3x2 + 4)2

n) y = sin(x?)

HaxomuM IpoH3BOHYIO, ¢ moMornsio dopmyist: (sin x)/ = cos x u3 TaGmuibI
«ITpOU3BOJHBIX OCHOBHBIX 3JIE€MEHTApHHIX (YHKIMit». JlaHHAS GYHKIMS SBISETCS
CIIOXKHOM (T.K. TOJl 3HAKOM TPHTOHOMETPUUYECKOH (QYHKI[MM HAXOMUTCA HE IPOCTO X,

a x2), mo3ToMy MBI Oy/eM OpaTh MPOM3BOAHYIO HE TOIGKO BHEIIHEH (YyHKIIHHU, HO U
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BHyTpeHHe. HamomMHuM, 4TO npou3BOAHAs CTENEHHOW (YHKUMHU HAXOJUTCSA IO

dopmyne (x¥) = a - x* 1 (te. (x2) =2 x?71

= 2X), HOJIy4HM:

y! = (sin(x?))! = cosx? - (x?)/ = cos x?-2-x?>~1 = 2x cos x2.

e)y = tg*(Vx)

HaxomuM HOpoM3BOAHYIO, ¢ momombio ¢opmyimsl (x%) = a-x% 1 u3
Tabmunbl «IIPOU3BOAHBIX OCHOBHBIX dJI€MEHTapHBIX (QyHKIW». JanHas (QyHKIus
SABJIAETCS CI0XKHOM (T.K. OCHOBAHMEM CTENEHHOM (PYHKIUU SABJISETCA HE IPOCTO X, a

tg V/x; IO/ 3HAKOM TPUTOHOMETPUUECKOH (PYHKIMM HAXOMUTCA HE MPOCTO X, a VX),

No3TOMY Mbl OyneM OpaThb MPOM3BOJHYIO HE TOJIbKO BHEIIHEW (DYHKIMU, HO U

BHyTpeHHel. Harmomunm, uto (tg x)/ = . : (\/E)/ == , TIOJYYUM: y/ =

cos?x 2x
(tg°(V%)) =

= 3-t7 (V) (eg VE) - (VB)' = 3eg2 (V) - i o = 220D

[lonsitue nmuddepeHimana, BbYKUCICHUE MPUOIMKEHHOTO 3HAYEHHS C

nomotnpio quddepennuana.

Huddepenimanom byHKITUN B
HEKOTOPOH TOYKE X Ha3bpIBaeTCs IJIaBHas,
JIMHENHAs 4acTh TpUpaICHUS

dyuxuuu. Jubdepenman pyuxuun y = f(x)

paBeH TNPOU3BEICHUI0 €€ MPOM3BOJHONW Ha

MPUpAILLICHUE HE3aBUCUMOW IEPEMEHHOU X
(aprymenTa). dy = y/(xo)Ax
Huddepeniman MOKHO UCTIOIB30BATh B MPUOIMKCHHBIX BBIUUCICHUSX
f(xo + Ax) =~ f(xo) + f/ (x0)Ax ~ f(x) + dy
[pumep: Haiitn muddepenuman Gpysximu y = /x B Touke x, = 1 npu Ax =
0,1 ¥ BBIYUCIATH MPUOTMKEHHO V1,1.

Jlns Beruncienust nudepeniraia cHayaia HaileM MPOU3BOIHYIO0 (PYHKIINH, a

/ 1
3aTeM ee 3HadeHMe B Touke Xo =1 : y/ = (\/E) =75 (13 TabMULIBI
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. 1 11
«ITpOM3BOIHBIX OCHOBHBIX NIEMEHTAPHEIX GyHKIMii»), y/ (1) = W inbwinbte 0,5.

Beruncium guddepentman no gopmyie: dy = y/(x,)Ax = 0,5-0,1 = 0,05

JInsi BBIYUCIICHHS MPUOIIKEHHOTO 3HAYCHUS HaleM 3HaueHue (YHKIUH B
Touke X, = 1 u mogcrasum B popmyny: f(xo + Ax) = f(xg) + dy, nonyunm:

y(1)=vV1=1, V11 =y(1+0,1) =~ 1+ 0,05 = 1,05.

[Ipumep: Haittu npuddepenuuan @QyHkIMM y =Inx B TOYKE X TMpHU
MIPOU3BOJILHOM AX.

Jlnst  BbruuciacHus auddepeHnrana HaiaeM OPOM3BOAHYI0 (GYHKIUH U
nozcTaBuM B popmyiny: dy = y/ (xo)Ax, momydum:

y/ = (Inx)/ = i, dy = iAx.

Teopema Jlonurans (takxke mnpaBwio bepHymium — Jlonurans) — wmeron

o o . 0 o
HaXO0XJACHUS TIpeiesoB GYyHKIUN, PACKPBIBAIOIINI HEONPEAEIEHHOCTH BUIA Pl e
o0

Teopema Jlonurass:
Ecnu:
1) lim f(x) =lim g(x) = 0;
XxX—a xX—a
2) nuddepeHIrpyeMbl B OKPECTHOCTH TOUYKH A, KPOME MOXKET OBIThb, CaMOi
9TOM TOYKHU;
3) g/ (x) # 0 B 5TOif OKPECTHOCTH;

fl)

/
f(x) — 1 f/(x)

4) cyIIeCTBYET II ez[enl ——= = A, TO CYILIECTBYET llm = A.
) CYMECTRYET Mp 96 TR a0 ~ xoa /@)
sinx—x
[Tpumep: Boruncnuths mpeaensl mo mnpabwity Jlonurtans: a) lll’% 3 0)
X—
. x? Inx . . 1
lim—= B)lim— 7r)limxlnx n)lim(-—ctgx).
x—o0 2% x—00 VX x—0 x—0 \X
sinx—x
a) lim —
x->0 X
Bwmecrto x noacrasum B ipeaen 0, moryyum:
. sSinx—x sin0-0 0
lim = = (—) D10 HeonpeneneHHocTh. [lo mpaBuny Jlonurans
x—0 x3 03 0

HaxoAuM IIPOU3BOAHYIO YHCIMTCIIAI M 3HAMCHATCIIA H3 Ta6J'II/II_U>I <<HpOI/I3BOI[HBIX
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OCHOBHBIX dIeMeHTapHbIX QyHkmuiny ((sinx)/ = cosx, (x)/ =1, (x*)/ = ax*7 1),

a Takke TaOJuIlel SKBUBAJICHTHBIX 0€CKOHEYHO MaJIbIX PyHKIMM npu x — 0

x2
(1 —-cosx~ 7). [ToacTaBUM U TOTYYHM:

. sSinx—x 0 . (sinx—x)/ . cosx—1 cos0—-1 0
lim = (=) =lim == =1 = =(-) =
x—0

x—0 x3 0 (x3)/ x50 3x2 3.02 0
2
X
: 1-cosx : > : x?2
=lim———=Ilim-—*=lim——=—-.
x—0 3x x—=0 3x x—0 6x 6
2
. X
0) lim —
x—00 2%

Bwmecto x IMOJACTaBHUM B IIPEACI OO, ITOJIYyYHUM:

2 2
. X 0 0
lim —=—-= (—) Ot10 HeomnpeaeneHHocTh. [1o nmpaBuny JlonuTans Haxoaum
(00

X—00 2x 200

IMPOU3BOAHYIO YHNCIUTCIIA WU 3HAMCHATCIIA U3 Ta6JII/IIILI «HpOI/ISBOlIHBIX OCHOBHBIX

snementapusix Gyuximiny ((x%) = ax®7 1, (x)/ = 1, (a*)/ = a* Ina). MoxcraBum

u HOJ'IyLII/IM:
- x? . 2 20 o0
lim 22 = (5) = Jim 5 = lim oo = lim oo = = () =
(2x)/ . 2 _ 2 2 2

0

x—>loron(2x1n2)/ xow2*In2-In2  xow25In22 222 oo

3neck npaBuio Jlonurans ObuTa MpUMEHEHA JTBAYKIbI.

Bwmecto x ImoaACTaBUM B IIPEACI OO, ITOTYUUM:

lim by _lne_ (2) Oto HeomnpeneneHHocTs. [lo mnpasBuny Jlonurans
o VE Ve e/ pedt | i
HAaXOJMM IPOM3BOJHYIO YHCIIATEISA W 3HAMEHATeas U3 Tabnuiel «IIpoM3BOIHBIX
o / 1 / 1
OCHOBHBIX 3jeMeHTapHbIX ¢(yHkuui» ((Inx)/ = - (Vx)' = ﬁ)' [MoacraBuM u
HOJTYYHM:
1
~ Inx oo (nx) = 1-2vx
11m—=(—)— im = lim —— = lim =
X—00 X (0 0)
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r) lim x Inx
x—0

Bwmecto x noacrasum B ipeaen 0, moryyum:

limxlnx =0-In0 =0-0 . DTr0 HeoNpeaeNeHHOCTb, YTOObI TNPUMEHHUTH
x—0

0 0
IIpaBnJIO HOHI/ITELHSI, HY>XHO HpCO6p330BaTB 9Ty HCOIIPCACICHHOCTb K BUAY 6 nIJINn —.
0

B nanHoMm ciydyae ynoOHO caenath Tak, 4ToObI mocie JuQdepeHInpoBaHus YIIIe

norapudm:
1
. . xlnx-; . Inx Ino oo
limxnx =lim——*=lim——=——=(—
x—0 x->0 3 x=0 o 5 ©

IIo IMpaBUIly Jlonurans HaXO0JUM IIPOU3BOIHYIO YHUCIUTCIII U 3HAMCHATCIIA U3

. 1
TaGmuubl  «ITPOM3BOJHBIX OCHOBHBIX 3jeMeHTapHbIX ¢yHkumity ( (Inx)/ ==,
X

_ . . 1 1 _
(x%) = = ax®"1). HanoMHHM OIHO U3 CBOMCTB cTeneHeil a~ " = - (T.e. —=X h.
[Tonyuum:
1 (l )/ 1 1 1
. nx o . nx . p . ¥ . ¥
lim — :(—)=11m = lim———— =lim——=1lim % =
/ -1-1 -2 1
x-0 = oo x-0 (l) x—0 (=1)x x—0 —1x x-0 —=
X x X
. 1-x? .
= lim ——=1im —x =0.
x—>0 x1 x—0
) lim (1 ct x)
A x—0 \X g
BwMmecTo x moacraBum B ipenen 0, mosryyum:
. (1 1
lim(-—ctgx) = 5 ctg 0=00—00 . DTO HEONPEIELICHHOCTh, YTOOBI
x—0 \X

MPUMEHUTH TpaBwio JlomuTanis, HY>)KHO TpeoOpa3oBaTh 3Ty HEOIPEACICHHOCTh K

0 0
BHJLY ~ WJTH —. [TpuBenem maHHOE BBIpAKEHUE K OOIIEMY 3HAMEHATEIIO!

0

= lim : = : =
x—0 x-sinx 0'sin0

lim (l —ctg x) = lim

(1 cosx) sinx—x-cosx sin 0—0-cos0 i (0)
x—0 \X x—0

X sinx

[To mpaBuny JlonuTans HaXOAWM MPOU3BOJHYIO YUCIUTEINSI U 3HAMEHATENS U3
TaGmuubl «IIpOM3BOIHBIX OCHOBHBIX dIeMeHTapHbIX (yHKuui» ((cosx)/ = —sinx,

(x)) =1, (sinx)/ =cosx ) u npaBun audQepeHIPOBAHNS MPOU3BEACHHUS

bynxmmit: (u-v) =u/v+uv/, cymmb (pasnoctn) bynxmmit: (u(x) + v(x))/ =



u/(x) + v/(x), a Taxxke TaGNHIEH KBHBAJICHTHBIX OCCKOHEYHO MAIBIX (YHKIHIA

npu x = 0 (sin x ~x), moy4nMm:

. Sinx—x-cosx 0 . sinx—xcosx . Sinx—x'cosx
11m+= - =11m+=11m—=
x->0 x-sinx 0 x—0  x-sinx x—0 XX

. sinx—x-cosx . (sinx—x-cosx)/ . (sinx)/—(x-cosx)/
= lim————=lim N = lim =
x—0 X x—0 (x2) x>0 2x
. cosx—((x)/-cos x+x-(cos x)/) . cosx—(1-cosx+x(—sinx))
= lim = lim =
x—0 2X x—0 2X
. cosx—cosx+x-sinx . x-sinx . sinx sin0 0
= lim = lim = lim = =-=0.
x—0 2x x—0 2x x—0 2 2 2

1
7. BbruncnuTh Npou3BOAHYI0 QYHKUMU: Y = x3ln; :

Haxomum mpousBoaHyio ¢ momoiisio Gopmyi: (In x) = %, (x®) = q-x%71,

3 Tabnuibl «[Ipou3BOAHBIX OCHOBHBIX 3JEMEHTapHbIX (GYHKIMI» U TpaBuUiia

. 1
nuddeperimposanus npoussenenus Gpynkuuit: (u - v) = u/v + uv/. Oynkius ln;
ABJIAETCS CIOXKHOM (T.K. MOJ 3HAKOM Jorapudmudeckoil (QpyHKIMH HaXOIUTCA HE

1 .
OpoCTO X, @ =), MOATOMY MBI OyneM OpaTh MPOU3BOJIHYIO HE TOJIBKO BHEITHEH
X

. . . 1
(GYHKIIMU, HO U BHYTpeHHEeH. HamoMHUM OJHO M3 CBOWCTB CTeNeHeH a~ " = p (T.e.

1 -1
- = X" "), HOJIyYUM:
X

y/ = (x3ln i)/ = (x3)/- ln§+x3 : (ln %)/ (l)/ = 3x3_1ln% +x3 -

X

R 1|

(x~ 1)/ == 3leni+ x3ex-(-1)-x = 3x2ln§— xtxT? = 3len§— x?,

Otger: y/ = 3len§ — x2.

MeroanuecKkre yKa3aHus M PaBHIIa BBITIOJIHEHNS K 8 3aJaHHUIO:
Heonpenenenuslii nHTETpAII.
®Oyukuus F(x) nassiBaetcs mepBooOpasHoit pyHkimu f(X) Ha HEKOTOPOM
IPOMEIKYTKE, CIIM TS BCEX X 13 3Toro npomexytka F/ (x) = f(x).
Berurcienne nepBooOpa3HOii 3aKI0YaeTCs B HAXOXKICHUH HEONPEAEIEHHOTO

HHTCIpajia, a cCaM IIPOoUCcCC HA3bIBACTCA HHTCIPUPOBAHKUCM.

55



Tabnuua HeonpeIeIeHHbIX UHTErPaJIOB

Oynxuus y = f(x)

ITepBooGpasnas y = f(x)

[1dx x+C
[ x* dx, x@+1
+C
rne @ € N,a # —1, (a — uucno) a+1
f%dx Inx+C
Je* dx e+ C
[ sinx dx —cosx +C
[ cosx dx sinx + C
1
fsinzx —ctgx +C
1
fcoszx dx tgx+C
j(kx + b)p dx, (kx+b)p+1+
k(p+1)

rnep # —1,k # 0, (p, kK — yucna)

_1
j(kx+b) X

rae k # 0, (k — gucno)

1
Eln(kx +b)+C

f ekx+b dx,

rae k # 0, (k — 4ucno)

1

kx+b
— +C
ke

[ sin(kx + b) dx
rae k # 0, (k — 4ucno)

1
—Ecos(kx +b)+C

[ cos(kx + b) dx
rae k # 0, (k — gucno)

1
Esin(kx +b)+C

1
fmdx arcsinx + C
f1+1xz dx arctgx + C
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aX

[ a* dx ,rae (a — umcio) +C
Ina
[ ch x dx shx +C
[ shx dx chx +C
fchlzxdx thx + C
1
—cth
fshzx dx cthx +C
[ tg x dx —In|cosx| + C

1
f 21l dx,tne (a — 4ucio)

! t x+C
carctg—

1
dx,tne (a — uaucio
| o e )

X —a

1
%ln|x+a|+6

X
dx,tne (a — 4aucio
| o e )

1
Elnlx2 +a?|+C

dx,rne (a — 4ucnio)

1
| o=

ln|x+\/x2ia2| +C

dx,rne (a — 4ucnio)

1
=

X
arcsin— + C
a

X
j\/ﬁ dx,rne (Cl—‘{I/ICJIO) x2ia2+c
| ="

—— ax, rac (a — CJIO —
\/m rae ( YHCIIO) a2+ x2+C

j Va? — x? dx,rjue (a — 4ucio)

a2

X
a? —x2 4+ —arcsin— + C
2 a

f Vx? + a? dx,rue (a — 4ucio)

2
X a
E\/xz + a2 +7ln|x+\/x2 ia2| + C

IMpumep: it GyHKIMKM COS X HAWTH Takyro mepBoobpasHyro ¢yukmuio F(x),

aro F (g) = 10.

[To «Tabnuie HeompeneNeHHBIX HHTETPAIOB» HalJIeM MEepBOOOPa3HYIO COS X!

F(x) =sinx+C u moacTaBuM 3HA4YEHUS YCIOBHA F (g) =10 , momydyum
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(HamOMHMUM, 4YTO MO TaOAWLE 3HAYEHUH YIJIOB TPUTOHOMETPUYECKUX (DYHKIMI

., T .

Slnz—l).
10=Sin§+C
10=1+C

C = 9, T.e. uickoMas nepBoobpasnas umeer Bua: F(x) = sinx + 9.

. 3x2-2x+5
[Ipumep: HaiiTu HeomnpeaeleHHbIE WHTETPabL: a) [ de 0)

sin? (g) dx
B) tgZx dx.

3x2-2x+5
a) [ T2 gy

X
I[J'IH Havajla YIIPOCTHUM JaHHOC BbIPAKCHUC (HO"IJ’IGHHO pasacinM 4YuCIINTCIIb

Ha X): fwdx= (72——+§)dx=f(3x—2+5i)dx

X X

xa+1

a+1

Haxonaum unTErpansl ¢ nomompio Gopmyi: [ 1dx = x + C, [ x%dx = +

1
C, f —dx = Inx + C u3 «Tabauiel HeonpeIeTISHHBIX HHTETPATIOB», MOJTYUHM:
X

x1t1

1+
1+1

3x—2+5l dx =3 - —2x+5-lnx+C=3—xz—2x+51nx+C.
f( X 2

. X
0) sin? (5) dx
I[JIH HadaJla YIHOPOCTHM JaHHOC BBIPAXXCHHUC (BOCHOHBSyeMCﬂ (1)0pMyJIOI7I
2X 1—cosx

MOJIOBUHHOTO yria QyHKIUU Sin x: Sin > = ).

[ sin? (g) dx = | (1_C20”) dx = f(% — %cos x) dx

Haxomum wmHTerpaisl ¢ nomomsio ¢opmyn: [ldx =x+ C, [cosx dx =

= sinx + C u3 «TabNuIBl HEOTIPENETEHHBIX HHTETPAIIOBY, TIONYYHM:
11 101,
] (— — —cosx) dx =-x—=-sinx + C.
2 2 27 2
B) tg2x dx

s Havasa YIPOCTUM JTAHHOE BBIPAXKEHHE (Bocmosib3yeMmcst

—1):

TPUTOHOMETPUUYECKUM TOKIECTBOM: tg2 x = >
Cos“ Xx
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ftgzxdx=f( . —1)dx

cos2 x
Haxoaum unTerpaisl ¢ moMoniso Gopmy:

1

cos? x

[ldx=x+C, |

dx =tgx+ C u3  «Tabnuusl HeompeneaeHHbIX

MHTErPajIoB», TIONYUuM: [ ( — 1) dx =tgx —x + C.

cos? x
OrnpeneneHHbIil UHTErPAl U €T0 IPUIOKEHHUS.
[Inomaae KpUBOJMHEHWHOW Tpameuuu, OrpaHUYEHHON CcBepxy TIpaduxom

Gyukuun y = f(x), cauzy — ocbto OX, cieBa W ClpaBa MPSMBIMH X = a, X = b,
HaxomaT mo Qopmyrne Herorona-Jleibuuma: S = f: f(x)dx =Fx)|8 =F(a) -
F(b).
C TOYKM 3DPCHHS TCOMETPHHU OMPEIEIMCHHBIN  r-owsepescyesssqeessoqunssyomesasenepnecs
MHTErpas — 3TO IJIOWAAb GUTYPHI. """
[Ipumep: Haitu 1uiomags KpUBOJIMHEWHOU e
Tpanenuu, OrpaHuYCeHHON TPSIMBIMU X = a, X = b,
oceio Ox u rpadukoM pyakuuu y = f(x):
a)a=2,b=4,f(x)=x3
6)a=-2,b=1,f(x) =x*+1

2 .
B) 4 = %, b =?n,f(x) =sinx
a)a=2,b=4,f(x)=x3
UrtoOsI HaliTH ompeeseHHbIN nHTerpal mo ¢popmyie Herotona-JIeiiOnuma:

S = f; f(x)dx =Fx)|2 =F(a) — F(b) , Hamo: HaliTH HEOIpeeICHHbIIl

xa+1
UHTErpal ¢ momomplo  Qopmyis: [ x%dx =

+C n3  «Tabmunel
a+1

HCONMPCACICHHBIX MHTCIPAJIOB», IIOACTABUTL 3HAYCHHUC BerHeﬁ I'paHHUIbI U BBIYCCTDH

3HAYECHUE HUKHEM.

f:x?’dx =(’;3:)|421 _ (x{)rzl =‘2—4—§: 64 — 4 = 60.

6)a=-2,b=1,f(x) =x*+1

UtoOb!I HAliTH onpeiesieHHbI nHTerpai no ¢popmyne Hoerorona-JlelOuuma:
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S = f; f(x)dx =F(x)|2 =F(a) — F(b) , Hamo: HaiiTh HEONpeIeICHHDIIT

a+1
MHTErpal ¢ moMombio popmyi: [ x*dx = J;T + Cu [ 1dx = x + C u3 «Tabnuupl

HCONPECACIICHHBIX HHTCTPAJIOB», IIOACTABUTH 3HAYCHHNC BCpXHeﬁ I'paHUIBI U BBIYCCTH

3HAYEHNE HUKHEN.

e+ Dde=(Eo42) 1 = (S +x) L, =

2+1 3

3 3 3

[ 2n ,
B)a:?b ?,f(x)=smx
UtoOb!1 HaliTH ompeiesieHHbIN uHTerpai no ¢dopmyne Herorona-JlelOuuma:

S = ff f(x)dx =Fx)|2 =F(a) — F(b) , Hamo: HaliTH HeOIpeeNeHHbIIl

MHTErpal ¢ moMompbo (QopMynsl: [sinx dx = —cosx + C  u3  «Tabnuusl
HEOIPE/ICICHHBIX UHTETPAJIOBY, MOJCTABUTh 3HAUEHUE BEPXHEN T'PAHULIBI U BBIYECTh

3HAa4YCHUC HUKHEH. (HaHOMHI/IM, qTo 110 Ta6JII/ILIe 3HAYCHUM YIJI0B

o 2w 1 T 1,.
TPUTOHOMETPHYECKHUX BYHKIMH COS — = — -, COS = = 5).
= = 2 1\ ,1_ 1,1
R 3 s w
Jo® sinxdx =—cosx|? = —cos—— (—cos—) = - (——) +-=-+-=1.
z u 3 3 2/ 2 2 2

3 3

ITpumep: BBIYMCANTH MHTErpaibl: a) folx dx 0) f_zl 3x%dx B) f:iz dx

r) ff\/} dx.

1 1+1 2 12 02 1
a) [ xdx= (x ) 13 = (x—) 3==—=—= > (31ece  menonpsoBanace

%y = X
dopmyna: [ x*dx = — +0).

6) %, 3x2 dx =3 (57) Pa =3 (5) Pr =GPy =20 = (-1)* = 9

a+1

(3nech ucnonb3oBanack Gpopmyna: [ x¥dx = + C , HamOMHUM, YTO YHUCIIO

a+1

MO>KHO BBIHOCHUTD 3a 3HAK MHTErpasa).
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0 %= fatan= (S5 1= (D)= (D=3 (-)-

a+1

1 X o
. (3nech ucnonb3oBanack popmyna: [ x*dx = + C, HallOMHUM OJTHO U3 CBOMCTB

a+1
1 1
ooo-n _ 1 1 _ -2
crenmeHeid 4™t = —, T.e. 5 = X )
1 3+1 3 3 3 3
OffVEdr = [ dx = (T )1t = (5 )= (B2) 1 = 2E - 20 =
1 1 S+1 > 3 3 3
2v62 21 28 21  16-2 14 2
=———=———=——=— = 4> (37ech UCIOIB30BaIach hopMmyJa:
3 3 3 3 3 3 3
a xa+1
[ x%dx = — C, HAIOMHHUM, YTO KOpPEHb BCEr/a MOXXHO IPEICTABHTH B

1
BHJIC CTETICHHU C PALMOHAIBHBIM [TOKa3aTeleM, T.e. VX = X2)
JIBOViHBIE UHTErPaJIbI.
Onpenenenue  nBOMHOro  uwHTerpana. Paccmorpum — QyHKUMIO — JIBYX

EPEMEHHBIX
z = f(x,).
JlBoiiHoi muTerpan or ¢ymkuuu f(x,y) o003HaYaeTcs Kak | fR f(x,y)dA ,

rae R - o6macTh MHTETPpUPOBAHUS B TUIOCKOCTH OxY.
Omnpenenenue 1. I'oBopsT, 9yTo 00gacTh R HAa IJIOCKOCTH OTHOCUTCA K THIy 1
WIW SIBIIAETCS DJIEMEHTApPHOM OTHOCUTENBHO OcHU Oy, €CliM OHa JIEKHUT MEXIY
rpaduKaMu JIBYX HEMPEPBIBHBIX (PYHKIMH, 3aBUCANIUX OT X , U OIHCHIBACTCS
MHO>XCCTBOM:
R={(x,y), a<x<bh, p(x) <y <qx)}

Torma aBoitHOM mHTETpas OT PyHKIMH f (X,y) B NaHHOIN 00JACTH BBIpaKaETCs

yepe3 mOBTOpHBIH uHTerpan B Bupe: [, f(x,y)dA = f; qu((;)) f(x,y)dydx

(pucyHok 1).

Onpenenenue 2. I'oBopAT, 4To 007acTh R HA MJIOCKOCTH OTHOCUTCS K TUMY 2
WIA SABJISAETCA DJEMEHTApHOM OTHOCHUTEIBHO OCH OX , €CIIM OHA JICKHUT MEXIY
rpadKaMu JIBYX HENPEPBHIBHBIX (DPYHKIIMH, 3aBHCAIIUX OT Y, M OIHUCHIBACTCA

MHOXXCCTBOM:
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R={(x,y), u(») =x<v() c<y<d}

Torna nBoitHOM nHTEerpan ot Gpynkuuu f (Xx,y) B AaHHOI 00JacTH BBIpaXKAETCS

yepe3 MOBTOPHBI WHTerpal B BHAE: | fR f(x,y)dA = fcd ) () f(x,y)dxdy

u(y)
(pucyHOK 2).
¥ ¥

¥ = qix) BT

_;“ - = ”r‘l'::l,.' \
| | % = vy

""\-\.___ e 'l"‘x i

¥= J'_;I-Il_:l:'.:' ' H—'lr
i) 3 b ks 0 ¥

pucyHok 1 PHUCYHOK 2

2
[Tpumep: BeraucnuTh UHTETpAIBL: a) fol [ 12 xy dydx 0) fol f;’ (x + 2y) dxdy

B) J2 JZ cos(x +y) dxdy.

12
a) J, J, xy dydx
BhIuMCIIEHHE JIAHHOTO JBOMHOTO MHTETpaa CBOJMTCS K HAXOXKJICHUIO JBYX

OIpe/IeICHHBIX WHTEerpanoB. Haiinem BHyTpeHHMIT MHTErpaia Mo InepeMeHHou y (x

X

a+1
CUMTAETCS KOHCTAHTOM, 3/1eCh BOCTIONb3yeMcs Gpopmyioii: [ x*dx = =T C):

a

faydy=x()lt=x(Hl=x(5-3) =x(G-3) =3«

Haiinem BHeEmIHMI MHTErpa MO MEPEMEHHOMN X, MOJCTABUB B HEFO HAUJCHHOE

BBIpaKEHUE:

13 3NN 3 (x®\ 1 _3(1¥ 0%\ _ 3.
fosxax =S ()b =3(F)0=3(3-%) =3
6) [y 7Gx + 2y) dxdy

Brruuciienue m1aHHOrO JBOMHOTO MHTErpaja CBOJMUTCS K HAXOXKICHHUIO JIBYX

N |-

=3_-07s.
4

OIpe/ICTICHHBIX WHTerpaiioB. HaiieM BHYTpeHHMIA WHTErpai Mo nepeMeHHOH x (Y
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xa+1

CUMTAETCS KOHCTAHTOM, 371eCh BOcCTonb3yemcs (opmynamu: [ x%dx = T Cu
[1dx=x+0C):
y?2 _ x2 yz (y?2)? 7 2 _ yt 3
fy (x + 2y)dx = (?+2yx) ly ==—+2yy* - -2yy="+2y° -

Y o2 Yt 3, —y2-4y? 5y?
. 2y—2+2y+ .

_ ¥ 3 _5° _ 1.4 3_5.2
= 2+2y =35 + 2y Yo

HaiineM BHemIHMN MHTErpal 10 IIEPEMEHHON Y, MOACTABUB B HErO HAUJECHHOE

BBIpa}KeHI/Iei
5 4 3 5 4
B2 =pf) o= (g ez g1 = (e -
5y3\ 1 _
)1 =
15 1* 5.13 0° 0* 5.03 1 1 5 3+15-25 7
“0tZ T T 2t e Tt:iTeT 3 T o

Y VA
2 2
B) JZ J2 cos(x +y) dxdy
BhIuMCIIEHHE JIAHHOTO JBOMHOTO MHTETpaa CBOJMTCS K HAXOXKJICHUIO JBYX
OpEJIETIEHHBIX MHTErpanoB. HaiineM BHyTpeHHHI MHTerpan mo nepeMeHHOH x (y

CUUTAETCS KOHCTaHTOH, 371€Ch BOCIIOJIB3YEMCS bopmynamu:
[ cos(kx + b) dx = %Sin(kx +b) + C, [cosx dx = sinx + C,
[sinx dx = —cosx + C):

fogcos(x +y)dx = Gsin(x + y)) |% = (sin(x + y))|§ = sin (g + y) —

—sin(0 +y) = cosy —siny (HamoMHmM, 910 10 (OpMYJe NPUBHIACHUS
sin (g + a) = cos a).

Haiinem BHemIHMI MHTErpaI MO MIEPEMEHHON Y, MOJCTABUB B HEFO HAUJCHHOE
BBIPAKCHHE

fog(cosy —siny) dy = (siny — (— cos y))|§ = (siny + cosy)|§ =

= sin§+ cosg— sin0—cos0=1+0—-0—1=0 (HamOMHHM, 4YTO IO
Ta0auIEe 3HAYEHUW YIJIOB TPUTOHOMETPUUECKUX (YHKIUH sin% =1,sin0=0,
cosg =0,cos0=1).
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TpoiiHbIe UHTETPAIIBI.

Boruncienne TpoWHOTro HMHTErpajia B JI€KapTOBBIX KOOpPJAMHATAaX CBOAMUTCS K
MOCJIEIOBATEIbHOMY BBIYHMCIICHUIO TPEX OMPEEICHHBIX HHTETPAJIOB.

PaccmoTpum ciyyai, Korja 00nacTh
uHTerpupoBanus U sBisieTcs 3J€MEHTapHOM OTHOCUTENbHO ocu 0z , T.e. no0as
npsiMasi, napamienbHas ocu Oz, mepecekaer rpanuny obnactu U He Oosee, 4eM B
aByx Toukax. [lycth oOnacte U orpaHndeHa CHH3Y MOBEPXHOCTBIO Z = Z1(X,Y), a
CBEpXY — TOBEPXHOCTBbIO Z = Z,(X,Yy) , (pucyHok 1). Ilpoexkuumeit Tena U Ha
wiockocth Oxy saBngercs obnacte D (pucynok 2). byaem mnpeanonaraTh, 4YTO

dyukumn z1(x,y), U z,(x,y) HenpepbIBHBI B o01actu D.

z ¥
U
\ | 21()“}’)
\_/_-) 0 x
0! Y
D(x.y)
X
pucyHok 1 PUCYHOK 2

Torma mns moOoit HempepbiBHOM B oOmactu U dyHkuum f(X,y,Z) MOXHO

sanucath cootromenue: [ff, f(x,y,2) dV = [[ [ fzzlz((;;;) f(x,y,2) dz] dA.

[Ipumep: BEIMMCINTE UHTErpabl:  a) foz fOZ foy xyz dxdydz
3
0) foz f03—5x f06_3x_2y(1 — x) dzdydx B) fol f;c f;cy xy?z3 dzdydx.

2 rZ ry
a) [, J, JJ xyz dxdydz
BhlumCIeHHe J@HHOTO TPOMHOTO HMHTETPANld CBOIUTCH K HAXOKIECHHIO TPEX

OIpe/ICTICHHBIX MHTErpajioB. HalinmeM BHYyTpeHHUWI MHTErpaj Mo nepeMeHHou x (y, Z

xat

1
+ C):

CUMTAETCS KOHCTAHTOM, 3/1eCh BocTob3yemcs Gpopmyinoii: [ x*dx = "
a




2 2 2
y 0 y 1 3
xyz dx = Z( ) z(———)= Z —==-Yy°Z.
Iy xy vz(5)lo = ~)=yz--=-y
Haiinem crneayromuii mHTErpas mo nepeMeHHon y ( z cuutaeTcsi KOHCTAHTOM),

MOJICTaBUB B HET'O HAalJIEHHOE BBIPAXKEHUE:
z (1 1 4 iz z*z 0%z z5 1
)=o) - () -2 =5 -3
-y’zldy ==z =)|§=|—)6=——"—=—==-z2
fO (2 Y =% 7)o s )10=7 8 8 8
HaiineM BHemHM MHTErpajil 10 NEPEMEHHOM Z, IOJCTABUB B HETO HalJICHHOE
2 z8 z%\ o 25 0% 64 4 1
BBIPAKCHHUE: ( )dz—(— —) (—) =—=——=—=-=1-
P fO 8’ 8 6 5 = Py A il rile 3
6—3x-2y
6)f f f (1 —x) dzdydx

Brruucnenue JaHHOT'O TpOﬁHOI‘O HHTCIpajia CBOAUTCA K HAXOXKICHUIO TPCX

OIpe/ICJICHHBIX MHTErpasioB. HalijieM BHYTpeHHMI WHTErpai 1mo nepeMeHHoi z (x, y

. xa+1
CUMTAETCS KOHCTAHTOM, 3/eCh Bocmojb3yeMmcs (opmynamu: [ x%dx = e

+Cu
[1dx=x+C):

f06 F1-x)dz=(1-z—x- DT = (z—x2) |0 =
=6—3x—2y—x(6—-3x—2y) —0+x-0=6—3x—2y — 6x +3x%+ 2xy =

=6 —9x — 2y + 3x% + 2xy.

Haiinem cienmyromuii HHTErpal 1Mo MEPEeMEHHON y (X cYMTaeTcsi KOHCTAHTOM ),

IIOJICTAaBUB B HETO HAWJICHHOE BBIPAXKCHUE:

3—=x
J ’ (6 —9x — 2y + 3x% + 2xy) dy =
0

2 2 3
_ Y 2 Y )32 _
_<6y—9xy—27+3x y+2x7>|0 e =

53
= (6y — 9xy — y* + 3x%y + xy?)|, 2
2 2

= (3—%x>—9x(3—§x>—(3—%x> +3x2(3—%x)+x(3—%x) =

2
=6-3—6-3x—9x-3+9x-5x—(32—2-3-3x++(5x) )+3x2-3—
2 2 2 2

2
—3x2-3x+x(32—2-3-5x+(5x) )=18—9x—27x+2—7x2—(9—9x+
2 2 2 2
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+2x2)+9x2—2x3+x(9—9x+2x2)=18—9x—27x+2—7x2—9+9x—
4 2 4 2

—%x2+9x2—§x3+9x—9x2+zx 18—27x+27 2—9+9x—2x2

9. 3

~18+49 45
x3=9—18x+ x? —-x°

2 3++ Zx —9—18x+549 2 4

HaiineM BHemIHMN MHTErpal IO NIEPEMEHHOM X, MIOJCTABUB B HErO HANUJECHHOE

BBIPAKCHUE:
2(q _ 45,2 2,3 _ x” E.E_g.’ﬁ 2 _
fy(9—18x + 242 —2x3) dx = (9x — 18- -~ + — -2 D)=
3 4
(9x — 922 + + 2 - 9")|0_9 2-9- 22+15—2—ﬁ—9-0+9-02—
16 16
3 4
= 4T =18-9 4+ -22=18-36+30-9=3

1 /x rxy 2.3
B) J, [y Jo xy?z® dzdydx
BhIUKCIIEHUE TaHHOTO TPOWHOTO HMHTETpAjia CBOAMTCS K HAXOKICHHIO TPEX

OIpe/IeNICHHBIX MHTErpasioB. HalijieM BHYTpeHHMI WHTErpai 1mo nepeMeHHoi z (x,y

. . xa+1
CUMTAETCSA KOHCTAHTOM, 37€Ch Bocmonb3yeMcs Gopmystoit: [ x*dx = ”
a

xy 74 ot 0 XAt x5y6
j xy?z® dz = xy* | — |57 = xy? C) > = xy? 24 > 24
. 4 4 4

4 4

Lise
4
Haiinem cienmyromuii HHTETpal Mo MEPEeMEHHON y (X cYMTaeTcss KOHCTAHTOM ),

MOJICTABUB B HET'O HAIJIEHHOE BBIPAKECHUE:
1 ¢ 6) 1 ¢ (y7) x 1 & ( x7 07) 1 ¢ (x7) x12 1 12
b dy =-x>|— =-x’(———=)=-x|=)=—=—x
fO ( y Y= 7 lo 4 7 7 4 7 28 28
Haiinem BHeEmIHMI MHTErpA MO MEPEMEHHOMN X, MOJICTABUB B HEFO HAUJCHHOE

BBIpaXKEHUE:

fl(ixlz) dx:i(x_”)p:i(ﬁ_o_”)_i.izi
0 \28 28 \ 13 0 28 \ 13 13 28 13 364

2
8. Beruuciure unrerpai: [ vx — = dx.

3
2 1 _Z x2 x 2 x2
f\/x—\/—zdx—f(xz—z-x Z)dx— T2 +C—?—2-

&
NIHl AT
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_ 2Vx3

2Vx3

Otser: fx/?—\/% dx =

MGTOI[I/I‘IGCKI/IG YKa3aHus U IIpaBUJia BBIITOJIHCHHA K 9 3aJaHUIO:

I'eoMeTpruecKknii CMBICI IIPOU3BOJHOM. rlz/

[MpousBoanas yukimu f(Xx) B TOUkKe X, paBHA

yriaoBoMy KO3(h(UIIMEHTY KacaTelbHOM K Tpaduky filxy) = tga =0
[u]

(YHKIMU B ATOW TOUKE: y
fl)=tga=k. T
VYpaBHeHue kacaTenbHOW K rpaduky GyHKIUU fi(x )= tga =0
y = f(x) B TOouKe Xy): /]
y = flxo) + f/(x0)(x — xo). oi\u g
YpaBHeHHe HOpMaIH K TpaduKy QyHKIIUHA Fixg) = tga< O

y = f(x) B TOUKE X{:

y = f(xo)- (x-Xo).

£/ (xo) ( 0)
[Tpumep: Hamncath ypaBHEHHE KacaTelbHON U HOpMaJH K rpaduky QyHKIuu
= v/x + 3 B TOuke ¢ abciuccoit x, = 6.
JI7a cocTaBieHUs ypaBHEHUN KacaTeJIbHOM WU HOPMAJIM HAWAEM MPOU3BOIHYIO
byHKIIMHY, 3HaYCHUE @yHKuHH U €€ MPOU3BOJHON B TOUKE Xy = 6:

y/ = (vm)/

_ 1

2\/ 1_2\/x+3 '
,y(6)—\/F—x/——3

T[oxctaBuM ronydenHsie ganHbie B opmyny: y = f(xo) + f/(x)(x — x,).

/(6) =
y() 2\/6+ 2\/_ 6

y:3+%(x—6)
1 1

y—3+ gx—g6

y=3+%x—1

1 .
y=zcx+ 2 - ypaBHEHHUE KacaTeJIbHOM.
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y(x) =

4x%2-1
3x2+1

1

[MocTaBUM MOJTyYeHHBIE TaHHbIE B hopmyny: y = f(X()- 7o (X-X¢)-

y=3-1(x—6)

6
y=3— 6(x—6)

y=3— 6x+36

y = 39 — 6x - ypaBHEHHUE HOpMAJIH.

[IprumeHeHue Nporu3BOIHON K UCCIEAOBAHUIO (DYHKIIUM.

1) OGnacThb onpeaeaeHus

2) BoisicHuTb siBisieTcs iu (yHKIMS YETHOM, HEUETHOM MK 00IIEero BHA.

3) Touku nepeceyeHns ¢ OCIMU KOOpAMHAT M uHTepBajibl, raey > 0,y < 0.

4) Haxoxzaenue acuMnToT GyHKIUH. Ecau QyHKIUS UMeeT BH:

agx"+a; x™" 1+--a,
boxm‘l'blxm_l‘l'"‘bm

, TOrJa:

1. ecan n<m, TO rpa(bmc HMECT T'OPU30HTAIBHYIO ACUMIITOTY Y = 0.

a
2. ecay n=m, TO rpaduK UMeeT TOPU3OHTATBHYIO ACUMIITOTY Y = b—o.
0
— i YO
3.ectun = m + 1, To rpaduk UMEET HAKIIOHHYIO acUMNToTy Kk = lim —,
x—oo X
b = lim y(x) — kx.
X—00
4) BepTukalibHbIE aCUMIITOTHI ONPEIETSIOT KOPHU 3HAMEHATES
) o xZ
[Tpumep: Halitu acumMnToTsl rpadukoB (yHKITHA: a)y = ol 0)y =
X
x? x* x*
B)y=— T)y=— = :
)y x—2 )y x—1 n)y x2+1

Bocnonb3yemcsi npuBeAEHHBIM BbIIIE MpaBWIoOM ( n - crapuias CTENeHb

MHOT'OYJICHa B YHUCJIUTECIIC, M - CTapilas CTCIICHb MHOI'OYJICHA B 3HaMeHaTeHe).

x2

x3+1

a)y =

n=2m=3,n<m , cluenoBaTeabH0 TpadUK HMEET TOPU3OHTAIHHYIO

acumntory ¥y = 0. x = —1 - BepTUKaJIbHASI aCUMNTOTa (KOPSHBb 3HAMEHATEJS ).
4x2-1
) =
) y 3x2+1
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n=2m=2n=m , cIedoBaTeJbHO TIpapuK HUMEET TOPU3OHTAIbHYIO

ag 4 1
aCUMITOTY Yy = b—o =3= 15. BepTukanbHbIX acUMNTOT HET (T.K. 3HAMEHATENb HE
0

umeeT KopHeit 3x2 + 1 # 0).

x2

B = —
)y =
n=2m=1n=m+1 , cienoBarelbHO TpaPuK HMEET HAKIOHHYIO
2
X
.y Ry . 2 . 2 . x2
ACHMIITOTY k = lim — = lim 2 = lim = lim —=1lm==1
x—oo X x—oo X x—o0 X(x—2) x—00 X“—2X xX—00 X

(HaHOMHI/IM, 4TO TIpU BBIUMHUCICHUU TIPCACIIOB MHOIOYWICHOB, CTPCMAIINUXCA K
66CKOHC"IHOCTI/I, AOCTATOYHO ONPCACINUTH MHOTOYJICH CTapHIefI CTCIICHU YHUCIUTCIIA U

3HaMeHaTelIsl, & OCTAJIbHbIE MHOTOUJICHBI MJIAJIIIEH CTENIEH! OTOPOCHTD ).

2 2 2 2
. . X . x4 =x(x-2) . XS—Xxc42x
b=Ilimy(x)—kx=Ilim-—-1-x=lim———— = lim ———— =
X—00 xX—00 X—2 X—00 x—2 X—00 x—2
. 2x  2x
= lim — = — = 2. HaknonHas acumnrToTa umeeT Buma: y = 1-x + 2, T.c.
X—00 X— X

Yy = X + 2. x = 2 - BepTUKaJbHas aCUMIITOTa (KOPEHb 3HAMEHATEJIA).
4
X
rNy=—
)Y =13
n=4m=1,n>m+ 1, cienoBaTeibHO, IpPaQUK HE UMEET TOPU3OHTATbHBIX

Y HaKJIOHHBIX aCUMNOTOT. X = 1 - BepTUKaJIbHAasi aCUMIITOTA (KOPEHb 3HAMEHATEJIS ).

x4

x%+1

ny =

n=4m=1n>m+ 1, cnenosarenbHo, rpa@uK HE UMEET TOPU30HTATHLHBIX
U HAKJIOHHBIX ACHMIITOT. BEPTHKAIBHBIX ACHMIITOT HET (T.K. 3HAMEHATE]Ib HE UMEET
kopHeil x2 + 1 # 0).

5) HaxoauM TOYKHM MakCHMyMa W MHHHMyMa (YHKI[UH, 3HaYCHHE (DYHKIIMH B
HUX M IPOMEXKYTKH BO3PACTAHUS U YOBIBAaHUS ()yHKITHH.

Eciun y/(x) > 0, To dyHkums Bospactaer, ecian y/(x) <0, To (yHKImS
yOBIBaeT.

IycTh a- kopens ypasrenus y/ (x) = 0.

n_n

Ecnu npu nepexoae yepes TOUKy a, MPOU3BOIHAS MEHSET 3Hak ¢ "-" Ha "+", TO

a - Touka MUHUMYyMa QyHKIIUH.
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Ecnu pu nepexonie uepes TOUKy a, Npou3BOAHAs MEHAET 3Hak ¢ "+" Ha "-", TO
a - TOYKa MakcuMyma (pyHKIUH.

[Ipumep: Hailftu uHTEpBanbl BO3pACTaHHUs M YOBIBAHMS, TOUKM IKCTpEMyMma
(MakcuMyMa, MUHEMyMa) QyHKIUM: Yy = x°(4 — x).

HaxomuM mpousBogHyio GyHKIMH ¢ momomuisio popmyr: (€) =0, (x%)/ =

1

a-x%1, (x)/ =1 u3 tabmuusl «IIpOM3BOAHEIX OCHOBHBIX 3JIEMEHTAPHBIX

dyHKIMit» ¥ npaBun aupdepeHIupoBaHus npousBeneHus QyHkumit: (u - v)/ =
u/v + uv/, cymmsl (pasHocTH) BYHKIHIA: (u(x) + v(x))/ = u/(x) + v/ (x):

y/ = (34 - x))/ =03 @G-x)+x3-(4—-x) =3x2(4 —x) +
+x3(=1) = 12x2 — 3x3 — x3 = 12x?% — 4x3

I[TpupaBHsIeM IPOM3BOAHYIO K HYJIIO U HaiJieM KOPHH JTAHHOTO YPAaBHEHHS:

12x% —4x* =0

4x2(3—-x) =0

4> =0mm3—x=0

x?=0um—x = -3

x=0wmx =3

OTMeTHM TOYKH Ha KOOpOAWMHATHOM JIYy4UC U ¥ +

ONpEeNIeNIUM 3HAKU Ha MTPOMEKYTKAX. 0 3
JIJist 5TOTO MOACTAaBUM JIHO00€ YHCIIO M3 KaKIIOTO MPOMEKYTKA U ONPEeITHM
3HaK IPOU3BOJIHOM:
—1€(~0;0):y/(-1)=12-(-1)?—-4-(-1)*=12-1-4-(-1) = 16
16 > 0, cinegoBaTenbHO, MPOU3BOAHAS HA JAHHOM IPOMEXYTKE HUMEET 3HAK
"+"  a QyHKIUS BO3pacCTaerT.
1€(0;3):y/(1)=12-1>-4-13=12-1-4-1=12—-4=8
8 > 0, cnenoBaTenbHO, MPOU3BOAHAS HA TAHHOM MPOMEXYTKE UMEET 3HaK "+,
a GyHKITUS BO3pACTaeT.
4€ (3;0):y/(4) =12-4%> —4-43=12-16 — 4 - 64 = 192 — 256 = —64
—64 < 0, cimenoBaTelibHO, MPOU3BOAHAS HA JAHHOM MPOMEXYTKE MMEET 3HAK

mnn

, @ QyHKIHS yObIBAET.
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n_n

IIpu nmepexone depes Touky 3, mIpoU3BOAHAsA MEHSET 3HaK ¢ "+" Ha "-", T.e. 3 -
TOuKa MakcuMmyMa pyHkuuu. Haiinem 3HaueHre QyHKIIMU B JAaHHOW TOYKE:

y(3) =334 -3)=27-1=27.

ITonsenem uroru:

y T npu x € (—o;0) U (0;3)

y | npu x € (3; o)

Xmax = 3, Ymax = 27.

Touexk MUHMMYMa HET.

6) Haxonum Touku nepernda v MHTEPBAJIbI BBIMTYKIOCTH BBEPX U BHH3.

Ecim y//(x) > 0, To ¢yskuus Beimykiaa BEu3, ecin y//(x) < 0, To BEITyKIa
BBEPX.

IycTh a- kopens ypasrenus y// (x) = 0.

Ecnu npu nepexoje yepe3 TOUKy a, BTopas MPOU3BOAHAS MEHSAET 3HaK, TO a-
TOYKa Teperuda GyHKIIUH.

[Tpumep: HaiiTu nHTEpBabl, Ha KOTOPHIX (PYHKIIMS BBIITYKJIA BBEPX U BBIITYyKJIa
BHM3, a TAKKe TOUKM neperuda Qynkuuu: y = x°(4 — x).

N3 mpenpiaymiero mnpumepa: y!/ = 12x% — 4x® . Haxogum BTOpPYIO

1 u3 Tabnuisl

POM3BOAHYIO (YHKUHM ¢ moMombio ¢dopmynsl: (x%)/ = a - x%”
«ITpon3BOHBIX OCHOBHBIX DJIEMEHTAPHBIX (PYHKIIHI», OTYUHM:
y/l = (12x% —4x3) =12-2-x271 — 4.3 x371 = 24x — 12x2.

[IpupaBHsieM BTOpPYI NPOU3BOJHYK) K HYJK M HAWAEM KOPHHU JaHHOIO

YPaBHCHMUA:
24x —12x%> =0
12x(2—x) =0

12x=0mwm 2 —x=0
x=0umwmx =2

OTMeTHM TOYKHU HaA KOOPpAWMHATHOM JIYUC H - + — X

=}
b

OIIpCACINM 3HAKHU Ha IIPOMCIKYTKaAX.
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JUist 3TOTO0 MOACTAaBUM JHO00€ YHCIIO U3 KaXKIOro MPOMEXYTKa U ONpPEIeTUM
3HaK BTOPOU IIPOU3BOAHOM:

—1 € (—00;0):y//(-1) =24-(-1) =12 (-1)? = -24 — 12 = —-36

—36 < 0, cnegoBaTenbHO, BTOpPAsl MPOU3BOJHAS HA JAaHHOM IPOMEXKYTKE

n_n

uMeeT 3HaK "-", a PyHKIMS BBIMYKJIA BBEPX.

1€(0;2):y/(1)=24-1-12-1>=24—-12 =12

12 > 0, cnegoBaresibHO, BTOpAsi MPOU3BOAHAA HA TAHHOM MPOMEKYTKE UMEET
3HaK "+", a QyHKUMS BBITYKJIA BHU3.

3€(2;,0):y//(3)=24-3-12-32=72-12-9=72-108 = —-36

—36 < 0, cnenoBaTenbHO, MPOU3BOAHAS HA JAHHOM MPOMEXKYTKE UMEET 3HAK
"-" a (pyHKIHMS BBITYKJIa BBEPX.

[Tpu nepexone uepe3 Touku 0 U 2, Bropas MpOU3BOJHAS MEHSET 3HAK, 3HAUUT

O 1 2 - Touku nepernda GyHKIUU.

[lonBenem uroru:

Yonmss, TP X € (—00; 0) U (2; o0)

Yeimsn. 1PU X € (0; 2)

x = 0,x = 2 - Touku neperuoa.

7) Ctpoum rpaduk QyHKIIHH.

[Ipumep: MHccnemoBath W TOCTpOUTh TrpaduK (YHKIMH C  TTOMOIIBIO

(x—1)2
x+3

POU3BOJIHON: Y = Bocrmonb3yemcst  mpuBEACHHBIM — BBIIIE  IJIAHOM
UCCIIEIOBAHUS

1) O6GnacTh ornpeaeneHus.

HamomuuMm, dro Ha oOnacTh ompeaeneHus (DyHKIMH MOTYT HaKIaJbIBaThCS
CJIEIYIOIINE OTPAHNYCHHUS .

1) monKopeHHOE BBIpAXKEHUE KOPHS YETHOW CTETNeHHW Oouibiie, JOO0 paBHO
HYJIIO;

2) 3HaMeHaTeNb HE PaBEH HYIIIO;

3) BeIpaXE€HHUE, CTOSIIEE M0 3HAKOM Jjoraprudma Ooblie HyJIs.
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B nannom npumepe (orpaHndeHue 2) 3HaMeHaTelb He paBeH Hynio) x + 3 # 0,
T.e. X # —3. MoXHO caenath BBIBOA, 4YTO X - Ji0oOoe uyucio, kpome 0, T.e.
D(y): (—o0; —3) U (=3; ).

2) BolsicHUTD gBisIeTCS M (PYHKIIMS YETHOM, HEUETHOM WM OOILEro BUAA.

UToObl ONpeNenuTh YETHOCTh WM HEYETHOCTh (PYHKIUHU, HYKHO BMECTO X

(—x-1)?  (—1D*(x+1D?  (x+1)?
-x+3 3—x T 3—x

MOJCTAaBUTh —X ! y(—x) = T.x. QyHkuusa, He

NpUHAIEKAIINE HU OJHOM w3 Kareropuii paseHctB f(—x) = f(x) wm
f(=x) = —f(x), To oHa sABIAETCA (PYHKIMEN OOLIETO BUJIA.
3) Touku mepeceyenus ¢ OCAMU KOOPAUHAT W MHTEpBaibL Tae y > 0,y < 0.

[TpupaBHsieM GyHKIHIO K HYJIIO ¥ HaiieM KOPHU JAHHOTO YPaBHEHUS:

(x-1)2 0
x+3

(x—1)?=0wmx+3%*0

x—1=0wmx # —3
x=1wmx # —3
OTMeTUM TOYKHM Ha KOOPAMHATHOM _ ¥ ¥ X
O -
Jyde W OTpeIeIuM 3HaKU Ha MPOMEKYTKaX. -3 1

JIs1 3TOr0 MOACTaBUM JIFO0OE YHCJIO M3 Ka)XJAOTo MPOMEKYTKa U OINpeaeTuM

3HaK (PYHKIIUU:

(-4-1)2 _ (=52 _ 25

—4 € (—0;-3):y(—4) = —4+3 -1 -1

= —25

—25 < 0, cnenoBarebHO GYHKIIMS HA JAHHOM IIPOMEXKYTKE UMEET 3HaK "-" u
) i YHKIQ A P Yy

HaxoauTcs Himke ocHu Ox.

(-1 _ (=12 _ 1
043 3 3

0€(—3;1):y(0) =
1
3 0, cinemoBarenbHO (PYHKIMS HA JAHHOM TPOMEXKYTKE MMEET 3HakK "+" u

HaxoauTcs Beimie ocu Ox.

2—-1)? 12 1
2€ (o) y(2) = S =L =1

1
s > 0, cnegoBaTeabHO (YHKIMS Ha JIAHHOM NPOMEXKYTKE MMeeT 3Hak "+" u

HaxoauTcs Beime ocu Ox.
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Hainem Touku nepecedenus ¢ ocAMu KOOPAUHAT.

C oceio Ox (T.e.y = 0)

(x-1)2 —0
x+3

(x—1D2=0mwmx+3%#0

x—1=0wmx # —3
x =1 umn x # —3 (B TOUKe X # —3 HET NePECeUYEHUs C OCIMM)
C ocbio Oy (T.e.x = 0)

_1\2 _1\2
y =& 0 10333
0+3 3 3

[MoaBeaeM UTOIH:

y>0npux € (—3;1) U(1; )

y < 0 npu x € (—o0; —3)
nepeceucHue ¢ ockio Ox B Touke (1;0)

1
nepecedyeHue ¢ ocbio Oy B TOUKE (0 ; §)

4) HaxoxneHrne acUMOTOT (PyHKIIUH.

_ G-

x2=221+41%  x2-2x+1

x+3 x+3 x+3
n=2m=1n=m+1 , ciuenoBareJbHO TpapuK HMEET HAKIOHHYIO
(%) T 2_2x+1 2_2x+1 2
. ylx . %13 xX“=2x . X“=2x .X
acumntory k = lim = = lim —**— = lim ———=lim ———=lim 5 =
x—ooo X X—00 X X—00 x(x+3) x—o00 X<+3x x—o00 X

1 (HamOMHHMM, YTO MpPU BBIYKCICHUHU MPEIAEIOB MHOTOWIECHOB, CTPEMSIIUXCS K
OECKOHEYHOCTH, IOCTATOYHO OMPEEITUTh MHOTOUJICH CTapIIEH CTETICHU YUCIUTENS U

3HaMCHATCJIsA, a OCTaJIbHBIC MHOI'OYJICHBI Mnaz[meﬁ CTCIICHHU 0T6p0CI/ITB).

. . x%-2x+1 . x?=2x+1-x(x+3)
b =lim y(x) —kx = lim ————1-x = lim =
X—00 x—oo X+3 X—00 x+3
. x%-2x+1-x%-3x . —5x+1 . —b5x
= lim = lim = lim — = -5.
X—00 x+3 x—oo X+3 x—oo X
Hakmonnas acumnrTora mumeer BuA: Yy =1-x—5, te.y=x—5.x=-3 -

BEpTUKaIbHAsl aCUMIOTOTA (KOPEHb 3HAMEHATETIS ).
5) Haxonum TOYkKM MakcuMyma ¥ MUHUMyMa (DYHKIMU, 3HAYCHUE PYHKLIHUHU B

HUX U IPOMEXKYTKHU BO3pACTaHUS U YOBIBAaHUS (PYHKIIHH.
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HaxomuM mpousBogHyi0 GyHKImH ¢ momomuisio popmyn: (€) =0, (x%)/ =
a-x*1t | (x)) =1 uz Tabmumpl «IIPOM3BOAHBIX OCHOBHBIX BJIEMEHTAPHBIX

u u/v—uv/

/
$yHKIMi» ¥ OpaBul AUQ(EPCHIMPOBAHUS YACTHOTO (YHKIHIA: (;) -

vz

CYMMBI (Pa3sHOCTH) (DYHKIIHIA: (u(x) + v(x))/ = u/(x) + v/ (x):

/ _ (x2—2x+1)/ (2 =2x+1)/-(x+3)-(x2—2x+1)(x+3)/
Yo = x+3 o (x+3)2 o

_@x? 2 D) (e43)-(x2-2x+1)1  (2x—2)(x+3)-(x?-2x+1)

(x+3)2 (x+3)2
2x24+6x—2x—6-x2+2x-1 _  x%+6x-7
(x+3)2 O (x+3)?

HpI/IpaBHHCM IMPOU3BOAHYIO K HYJIIO U Haﬁ)leM KOPHU JAHHOI'O YPABHCHUA:

x2+6x-7

(x+3)2 =0

x> +6x—7=0wmwm (x+3)2*0
a=1b=6,c=-7
D=b*—4ac=6*—4-1-(-7) =36 +28 =64

-b+VD _ —6+V64  —-6+8 2

x1 == - = 1
2a 2:1 2 2
-b—VD _ —-6-V64 _ —6-8 14
xZ = = = = —_-— = —7
2a 2:1 2 2
(x+3)?2#0
x+3+#0
x +—3
OtMeTum TOYKHU Ha T - - T X
L -
KOOpPJAWHATHOM JIy4€ M OHNpEeACINM -7 -3 1

3HAKW Ha MPOMEXKYTKaX.
{1 3TOTO TOACTABUM JIFO0O0€ YHMCIIO M3 KaXKJIOT0 MPOMEXKYTKAa W OMpeaeTuM

3HaK IPOU3BOJTHOM:

~ ey — (-8)2+6(—8)—7 _ 64-48-7 9
8 € (—%0;=7):y/(-8) (—8+3)2 (-5)2 25

9
E > O, CJICAO0BATCIIbHO, IIPOM3BOAHAA HA AAHHOM IIPOMCIKYTKC HMCCT 3HAK

"+" a ¢hyHKIUSA BO3pacTaeT.
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_ 2 vl (A — (-4)%2+6:(-4)-7 _ 16—24-7 _ _ 15 _
4€(=7;,-3):y/(—4) o = = =15

—15 < 0, cnegoBarenbHO, TPOU3BOAHAS HA TAHHOM MPOMEKYTKE MMEET 3HAK

n_n

, @ QyHKIIUS yObIBaeT.

—3:1):9/(0) = £X607 _ =7 _ 7
0€ (—3;1):y/(0) (0+3)2 (3)? 9

7
—5 < 0, cmenoBaTenbHO, MMPOU3BOIHASL HA JAHHOM ITPOMEXKYTKE UMEET 3HAK -

", a QyHKIMS yOBIBAET.

N _ 224627 _ 4+12-7 9
2 € (1;0):y/(2) (2+3)2 (5)2 25

9

e > 0, CJICAOBATCIIBHO, IMPOU3BOAHAA HA HAHHOM IPOMCIKYTKC HMCCT 3HAK

"+" a yHKIUS BO3pacTaer.
IIpu nepexoxae yepe3 TOUuKy —7, Mpou3BOAHAA MEHseT 3Hak ¢ "+" Ha "-", T.e.
—7 - Touka Makcumyma QyHkiuu. Halizem 3Hauenue GyHKIMU B JAHHOM TOYKeE:

y(=7) =

(=7-1)*  (-8)% 64 _
-743 -4 4

—16.

ITpu nepexoae yepe3 Touky 1, mpous3BoaHAas MeHseT 3Hak ¢ "-" Ha "+", T.e. 1 -

Touka MUHUMYMa QyHKIuu. Haiinem 3Hauenue GyHKIMU B JAHHOM TOYKeE:

y(1) =

IlonBenem nroru:

(1-1)% 02
= - 0.
1+3 4

y Tnpu x € (—o0; —=7) U (1; o)

ylopux € (-7;-3)uU(-3;1)

Xmax = ~7)Ymax = —16

Xmin = 1, Ymin = 0.

6) Haxoaum Touku mepernda 1 MHTEPBAJIbI BBIMTYKIOCTH BBEPX U BHH3.

x246x-7

N3 npeapinymiero myHkTa: y/ = 13

. Haxomgum BTOpYIO0 NpPOM3BOAHYIO

dynkimu ¢ nomoutsio Gopmynsr: (x%) = a - x%71

3 Tabmunpl «lIpou3BOIHBIX
OCHOBHBIX JJIEMEHTApPHBIX (QYHKIUK» W TpaBwil audepeHIpoBaHUs HYaCTHOTO

G yHKIHN:
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= , cymmbl (pasnoctn) Qymkmmit: (u(x) + v(x))/ =u/(x) +

v2

(u)/ u/v—uv/

1 (x2+6x—7)/ (2 46x—7)/-(x+3)2— (a2 +6x-7)-(x+3)2)/ _
Y = araz ) T ((x+3)2)2 -
_ @x? 46 1) (x+3)2—(x2+6x-7)2(x+3)2"1-(x+3)/
N (x+3)* -

(2x+6)(x+3)2—(x2+6x-7)2(x+3)1
(x+3)* B

_ (2x+6)(x+3)2—2(x2+6x—-7)(x+3)
B (x+3)* '

[IpupaBHsieM BTOPYH0 NPOU3BOAHYIO K HYJIIO W HalJIeM KOPHHM JIaHHOTO

YpaBHEHUS:

(2x+6)(x+3)2-2(x2+6x-7)(x+3)
(x+3)* B

2x+6)(x+3)2—-2x*+6x—7)(x+3)=0mm (x +3)*#0

0

Paznenum nanHoe BeIpakeHue Ha X + 3:

(x+6)(x+3)*  2(x%+6x-7)(x+3)
x+3 x+3 -

0

2x+6)(x+3)—2(x*+6x—7)=0
2x° +6x+6x+18—-2x>—12x+14=0

32 # 0 - peuieHul HeT.

(x+3)*#0

x+3+#0

x + -3

OTMEeTUM TOYKH Ha KOOPJUHATHOM JIyue U W X
OIPEAECIINM 3HAKU HA MPOMEKYTKaX. :'3 =

{71 5TOTO TOACTABUM JIFO0O0€ YHMCIIO U3 KAXKIOTO MPOMEXKYTKA W OMpeaeTuM

3HaK BTOPOU IPOU3BOJTHOM:

(2:(=4)+6)(—4+3)2-2((-4)2+6:(-4)-7)(-4+3) _

—4 € (—o0; —=3): y//(—4) = ar3)

_ (=2)(-1?*-2(16-24-7)(-1) _ -2+2-(-15) _

= T —32
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—32 < 0, cnepmoBaTenbHO, BTOpPAsl IMPOU3BOJHAS HA JTAHHOM ITPOMEXKYTKE

n_n

HUMECCT 3HAK , a (bYHKHI/IH BBIITYKJIA BBEPX.

(2:0+6)(0+3)*—2(0%+6:0-7)(0+3) _ 6:3°-2:(=7)3 _ 96 _

(0+3)*4 34 81

0 € (=3;00):y//(0) =

27

5
1 b 0, cnenoBaTenbHO, BTOpasi HPOU3BOAHAS HA JTAHHOM IIPOMEKYTKE UMEET

3HaK "+", a QyHKUHMS BBIYKJIA BHU3.

T.k. BTOpas mpou3BOjAHAs HE MMEET KopHeu (x # —3), To Touek meperuda
HET.

IlogBenem uroru:

Ysbin.es. IPU X € (_Oo; _3)

Ypim.ea. IPA X € (_3; Oo)

TOYCK HeperI/I6a HCT.

7) Ctpoum rpaduk QyHKIHH.
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l._lill_______.re.:.____

. 6x2
9. Hamcath ypaBHEHHUs KacaTeIbHON U HOpMaU K rpaduKy GyHKIHH Y = —
x

B TOUKE Xy = 2.
Jlns cocTraBieHus] ypaBHEHHIM KacaTeJIbHOW M HOPMAajd HAMAEM ITPOU3BOAHYIO
byHKIIMHY, 3HaYeHnEe QYHKIIUH U €€ POU3BOAHON B TOUKE Xy = 2.

HaxomuM mpousBoguyo GyHKIuE ¢ momouisio dopmyr: (€) =0, (x%)/ =

a-x*1, (x)/ =1 u3 tabmumsl «IIpOM3BOAHBIX OCHOBHBIX AJIEMEHTAPHBIX
o o u / u/v—uv/
byakuuii» u npaBwin auddepeHnupoBaHUs YaCTHOTO (DYHKITHIA: =) =m0

CYMMBI (pa3HoCTH) (DYHKIHIA: (u(x) + v(x))/ = u/(x) + v/ (x):

/ _ (&2)/ _(6x?)/(x+1)—6x%(x+1) _ (62x2"D(x+1)-6x21 _ 12x(x+1)—6x%
Yy =G T (x+1)2 N (x+1)? G

79



12x2%24+12x—-6x2 6x%2+12x / 6:224+12-2 6-4+24 48 3 1
= = ( ) = = = —_— = 5; = 5— ,

(x+1)2 T (x+1)? ] 2+1)2 32 9

622 64 24
YR =3=35=3578

ToncTaBuM ToNydeHHbIe qaHHbIe B hopmyay: ¥ = f(xo) + f/(xo) (x — x).

y =8+ 5§(x—2)

1 16
y=8+ 5 x——7-2

1 32
y—8+ SEX—?
1 24-32
y—55x+ .
1 8
y = 55.9{—5

1 2 .
y=>5 3%~ 25 - ypaBHEHHE KacaTeIbHOM.

1

700 (x-Xg)-

[ToacTaBuM MoJTydeHHbIE JaHHbIE B hopMyy: v = f(X,)-
1

y=8-(x~-2)
3

y=8- 1(x—2)

3

3
y=8-—(x-2)

3 3
y—8—gx+g'2
3

3
y—8—gx+§
3

3
y-—;x+8§

3 3
y=28 5~ ¢ X - YPaBHEHHE HOpMAIIH.

1 2 . 3 3
OtBer: y = 5 33X 2 3~ YPaBHEHHE KacaTelbHOH, y = 8 5~ 1¢X ~ YpaBHeEHHe

HOpMaJIH.

Metonnueckne ykasaHus U IpaBuiia BbInoJHeHUs K 10 3a1anuto:

Onpenenenus u NOHATHS Teopun TUPHEepeHIINATBHBIX YPAaBHEHHUIA.
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Huddepennmansuoe ypaBuenue ([Y) — 310 ypaBHEHHE, B KOTOPOE BXOJUT
HEU3BECTHAsT (PYyHKUMS TMOJ] 3HAKOM MpouszBoAHOW wunu auddepennumana. I[Ipoiecc
HAXO0XKICHUS peIICHMIA g depeHIaTBEHOTO ypaBHEHUS Ha3bIBaCTCS
UHTErpupoBaHueM AU epeHInaIbHOr0 ypaBHEHHUS.

HuddepenuunanbHoe ypaBHEHHE MEpPBOro IMOpsAaKa B 00IIEeM cioyyae
COJICPIKUT:

1) HE3aBUCHMYIO IEPEMEHHYIO X

2) 3aBUCUMYIO IEPEMEHHYIO Y

3) mepByI0 IPOM3BOAHYIO ByHKIHH: Y/ .

O6mee pemenue AudPepeHIIMATLHOTO YpPaBHEHHS — OTO MHOXECTBO
pelleHuH, comeprkaiiee Bce 0e3 MCKIIOUEHUS PEIIeHUsT 3TOro AudGepeHIInaTbHOTO
ypaBHEHHUSI.

Ecmu pemenne nuddepeHInanbHOTO YpaBHEHHS YIOBICTBOPSET W3HAYAIBHO
3aJJaHHBIM JIOTIOJTHUTEIBHBIM YCJIOBHSM, TO €r0 Ha3bIBalOT YAaCTHBIM pEIICHHEM
nudepeHIaaTbHOTO YPaBHECHHUS.

3amaua Komm — 93TO 3amaya  HAXOXACGHHUS  YAacTHOTO  PEIICHHS
nuddepeHIManbHoro  ypaBHeHUsT Y = @(Xx) , YJOBJIETBOPSIONIETO 3aJaHHBIM
HadYaJIbHBIM yCIIOBHSIM

Yo = @(xo), THe xo- 3amanHas Touka Ha uHTepBajie (a;b), Y, - 3amaHHOE
3HaYCHUE UCKOMOU (PYHKITHH.

[pumep: Y6emutech, uto (QyHKIMA Y = x>+ 1 sBisfeTcs pelieHuem
muddepennuansHoro ypasaenuns y/ = (x + 1)? — y Ha nmo6om unrepsane (a; b).

Haiinem npousBoanyto GyHKImE ¢ nomomsio dopmyin: (€)Y =0, (x*)/ = a -
+x% 1 p3  Tabmumel  «IIpOM3BOJAHBIX OCHOBHBIX DJIEMEHTAPHBIX  (DYHKIHI»:
y/ = (x*+1)/ = 2x . TlogcraBum npou3BomHylo u  GyHKuHIO y = x>+ 1 B
nuddepennuansroe ypapuenne ¥/ = (x + 1)? — y, nonyuum:

2x=(x+1)?—-(x*+1)

2x =x*+2x+1—-x%-1
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2x = 2x, T.K. TONYyYWJIOCh TOXIIECTBO, CIpPaBEIMBOE [JIsI JIOOBIX X Ha
uarepsane (a;b) , To Gymkmus y =x?>+1 sBuafeTca  pelleHUEM
mudepernuansHoro ypasaenns y/ = (x + 1)2.

[Tpumep: YOenuteck, uro GpyHKuUd y = sin x + C sABiseTCS OOUIMM pelIeHuEM
nuddepeHmansHoro ypassenus y/ — cosx = 0.

Haiinem mpomsBomHylo ¢yHKmME ¢ momomsio  ¢popmyr: (€)Y =0
(sinx)/ = cos x u3 Tabmuupl «IIPOU3BOIHEIX OCHOBHBIX JJIEMEHTAPHBIX (DYHKIHII»:
y/ = (sinx + C )/ = cos x. [TogcTaBuM IPOU3BOIHYIO U (GYHKIHIO ¥ = sin x + C B
mudepernuansHoe ypasuenne y/ — cosx = 0, moiyunm: cosx — cosx = 0.0 = 0,
T.K. TIOTYYHJIOCH TOXKJECTBO, CIIPABEIIIMBOC TSI JIFOOBIX X, TO QYHKIHS Yy = Sin x +
C sBisieTcs peleHneM auddepeHImansHoro ypasaenns y/ — cosx = 0.

[Ipocreitmue nuddepeHnnanbaple ypaBHEHUS TIEPBOTO TOPSIKA.

O6mee pemrenne auddepeHImanbHbX ypaBHennit Buga y/ = f(x) 3agaercs
dopmynoit y = F(x) + C, tae F(x) — oaHa u3 nepBoobpasubix pyukuuu f(x), a C —
NPOM3BOJIbHAS TOCTOSIHHAs. PelleHne TMoiyd4aeTcs Ha KaXJAOM HHTepBaje

HeTpepbIBHOCTH GYHKIUH f(X) cO cBOEH MPOU3BOILHOMN MTOCTOSTHHOM.

. 1
[pumep: Haiiti obmee pernenue auddepeHnuanbHoro ypapHenus y/ = o

1

OyHKIHS ~ MMECT /B MHTCPBA/a HCIPEPIBHOCTH: (—0;0) u (0; o). s

TOro 4TOOBl HalTH oOmee pemeHue AUGPEpeHITMATLHOTO YpaBHCHHUS HaWIeM
1

nepBoobpasnyo  GyHkumm mo  Qopmyme: [ - dx =Inx+ C wu3 «Tabauisl

HEOMpEeIeICHHBIX HHTerpaioB»: y = In|x| + C, x # 0.

Vpapuenns y/ = f(y) npuBomurcs Kk Buay x/ = z—; = % U HaXOIUTCS

obmee perrenue x = @(y, C). OOmMii MHTErpaT UCXOAHOTO YPABHEHHS ITTOJIYYUTCS
1OCJIe TIPUCOEAMHEHNS K MHOXKECTBY pelleHui Buma y = yy, rae f(y,) =0, k =
1,2...m.

Ipumep: Pemnnts ypaBHenue: a)y/ =e” 6)y/ = y? —1.

a)y/ = e’
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C nomomisio hopmymnsl x/ = Z—y = f(l ; IPUBO/IAM YPaBHEHHE K BHJY:

1 1 _
x/ =i " € Y m HaxomuM ero obOmee pemeHne 1o  (opmyie:

1
[ ek*D dx = ;ek’”b + C u3 «Tabnuipl HEONPEIeIEHHBIX HHTETPAIOBY
_ 1 _ _ .
x= e Ydy=—eY+C=—-eY+C.e” =0 He uMeer KopHei, 3Ha4UT

o0IIUM pelIeHueM JaHHoro Jud@epeHnanbHOro ypaBHEHUs OyJIeT TOJBKO

x=—-eY+C.
6)y/ =y*-1
/ _ dx 1
C nomorpro GpopMynsl x/ = o = 70 IPMBOIMM YPABHCHHE K BU]LY:
x/=—=—"— 1y HaXoAUM ero ooOmiee penieHue 10 Gopmyie:
f  y*-1
1
J oz dx =
X = —%l |+C——ln| |+Cy—1—0y—1 y =

+1. OO6mwumMm pemieHueM maHHOTO AUGGEPESHINAIBHOTO YpaBHEHUS OyaeT X =
~In | |+ Cuy=+1.

JubdepeHimanbaple  ypaBHEHHS € pasjeIeHHBIMH  [EPEMEHHBIMH M
pa3aensSONMMUCS IEPEMEHHBIMH.

Huddepennnansunie ypasaenus f(y) dy = g(x) dx Ha3pIBarOT ypaBHEHHIMU
C paslelicHHBIMH IepeMeHHbIMHA. HasBanme srtoro Buaa auddepeHIHaTbHBIX
yYpPaBHEHUI JOCTATOYHO ITOKA3aTENbHO: BBIPAXKEHHS, COJEPIKAIINE IEPEMEHHBIE X H
Y, pa3elicHbl 3HAKOM PaBEHCTBA, TO €CTh, HAXOISTCS 110 Pa3HbIe CTOPOHBI OT HETO.

OOGIIMM HHTErPaJOM YPaBHEHUS C pa3/eICHHBIMU IIEPEMEHHBIMH SBJIAETCA
pasenctBo [ f(y)dy = [g(x)dx . Ecmu wuHTerpassl M3 5TOr0 paBEHCTBA
BBIPAXKAIOTCS B DJIEMEHTAPHBIX (DYHKIMAX, TO MBI MOYKEM IOJYYHUThH OOIIEE PEICHUE
nudGepeHIaIbHOrO YpaBHEHUS Kak HesBHO 3amaHuyro (ynkiuuio O(x,y) =0, a

WHOT/Ia TIOJTy9aeTCs BBIPA3UTh (DYHKITUIO Y B SBHOM BHJIC.
2
[pumep: Pemuts ypaBuenue: a) 3x2 dx — Ti’}z dy =

0)cosx dx —tgydy = 0.
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a) 3x% dx — =2 dy = 0

1+y?2

C nomomsio Gpopmyitsl [ f(y) dy = [ g(x) dx npuBonum ypaBHEHHE K BHY:

2 2
3x% dx = 1:;/2 dy, [ 3x* dx = f1+3;2 dy 1 HaxoauM ero o0liee peleHue 1o

xOl+1

1
2x ~dx =-In|x*+ a®| + C u3z «Tabauusl
x“ta 2

+C, |

a —
dbopmynam [ x% dx = —

HCOIIPCACICHHBIX NHTCTPATIOBY .

3-(55) =2 (Ginl1 +y2) +¢

241
x3 2

3-?=ln|1iy |+ C

x3=mnl1+y%|+C

C=x3—1In|1+y? - obmee pemenne gaHHOro AU(GPEPEHINATEHOTO
ypaBHEHWSI.

0)cosx dx —tgydy = 0.

C nomomsro Gopmyist [ f(y) dy = [ g(x) dx npuBoauM ypaBHEHHE K BULY:

cosx dx =tgydy, [cosx dx = [ tgy dy u naxomum ero obiiee pelmeHne

nmo Qopmynam [ cosx dx =sinx +C, [tgx dx = —In|cosx| + C u3 «Tabauusl
HEOMPEICICHHBIX HHTETPaoBy: Sin x = —In|cosy| + C

C = sinx + In|cosx| - oOmee pemeane gaHHOTO AU GEPEHINATLHOTO
ypaBHEHHSL.

B nuddepennmansupix ypaBuenusx f1(y) - g1 (x) dy = f,(v) - g,(x) dx wim
) g:x) v/ =f,(y) - g,(x) nepeMeHHBIE  MOIyT  OBITh  pa3JCICHBI,

nmpoBeficHueM TpeoOpa3oBanuii. Takwe J[Y HaswBatorcs auddepeHIraIbHBIMU

yYpaBHEHUSIMU ¢ pazgenstomumucs mnepemeHHbiMu. CootBerctBytomee Y ¢

) ()
paseneHHBIMH TIEPEMEHHBIMH 3aIMIIETCS KaK LY y =922 gy

() g1(x)

dy
[Ipexe 4eM MpOJOKHTH, HANOMHHM, d9To Y/ = —, Korna y sBisercs
X

dbyHKIIMEH apryMeHTa X.
[pumep: Pemuts ypasuenne: a) 2x(1 — y2) dx — 2y(1 —x2) dy =0

1-y?2
1—x2

6) v/ + = 0.



a) 2x(1 —y?) dx —2y(1 —x?)dy =0
JIns Havasa mpeobpasyeM BEIpaKeHHE:

2x(1 —y?) dx = 2y(1 —x?) dy

2x 2y
) K=oy W

2x x=— 2y dy

(x2-1) d (y?-1)

C nomomsio Gpopmyisl [ f(y) dy = [ g(x) dx npuBogum ypaBHEHHE K BULY:

2x _ 2y
[ - D) dx = [ 52D dy v HaxouM ero obiiee peiieHue mo Gopmyre

x 1
[ —ia? dx = Elnlx2 + a?| + C w3 «TabauIpl HeONpeAeNeHHBIX HHTErPAJIOBY .

-2 Glnlx2 — 1|) =—-2- Glnly2 — 1|) +C
—In|x?—1| = -In|ly?>—-1|+C
C = —In|x?—1| + In|1 + y?| - obrree peleHne JAHHOTO

nudepeHIaaTbHOTO YPaBHECHHUS.

1— 2
6)y/ + /1_12 =0

Jli1s1 Hauana mpeobpasyeM BrIpaskeHue (HaImOMHUM, 4To y/ =
ay + vi-y? =0
dx = V1-x2

dy _ 1-y?
dx V1—-x2

days.
dx’’

N 1-x?
C nomompio Gpopmyist [ f(v) dy = [ g(x) dx npuBogum ypaBHEHHE K BHLY:

1 1
J Tisy? dy = [ — Newres dx 1 HaxouUM ero ol1iee pemieHue mno Gpopmyse

1 )
f Newre dx = arcsinx + C u3 «TaObnuIBl HEONPEICTCHHBIX HHTETPAJIOB)
—-X

arcsiny = —arcsinx + C
C = arcsiny + arcsinx - o0uiee pemnieHne maHHOTO auddepeHITnaTIbHOrO

YPaBHEHHSI.
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YpaBHEHHs] BBICIIMX NOPSAAKOB. JIMHEWHBIE OJHOPONHBIE YpPAaBHEHUA C
MOCTOSIHHBIMU KO3 purienramu’"”.

d"y
VYpaBHeHuss BUIa n = f(x) pemaercs ¢ TOMOHIBIO  N-KPaTHOTO

MOCJICTIOBATEIIHHOTO HHTETPUPOBAHUS UCXOHOTO YPaBHEHUS.
IIpumep: Haiitu obmee pemenue ypapaenus: vV = cosx
UToObI MOMYy4UTH 00IIIEE pEllIeHUe ypaBHEHUS MIPOUHTETPUPYEM €ro 4 paza 1o

dopmynam [cosx dx =sinx+C, [sinx dx=—-cosx+C, [1ldx=x+C,

a+

1
X
[x* dx = Tt C n3 «Tabnuiipl HeoNpeeICHHBIX HHTETPATIOBY:

y/l = [cosx dx =sinx + C,
y// = [(sinx + C;) dx = —cosx + C;x + C,

2
y/ = [(=cosx + Ci;x + C;) dx = —sinx+Cl%+sz+C3 =

=—sinx+%x2+62x+63
— ; Ci , —
y = —Slnx+7x + Cyx + C3) dx =
3 2
=—(—cosx)+%-x?+62x?+63x+64=cosx+%x3+%x2+63x+64

C
G 2

C
ITockonbky C; u C, - TPOU3BOJBHBIE MOCTOSHHBIE, BMECTO zlx3 +5

MO3KHO TIHCATh 1pocto C; x> + C,x?, u opma 06LIEro peleHus ypoIaeTcs:

y =cosx + C;x3 + Cx% + C3x + C4.

Vpapuenns Buma y" + A y" Lt + hyy™ 2+ -+ hy_1y/ +h,y =0, THe
hy,h, ...h,, - TOCTOSHHBIE 4YHCTA, HA3BIBAIOTCS JIMHEWHBIMU OJHOPOIHBIMU
YpaBHEHUSIMU C TIOCTOSIHHBIMU KO3 puIeHTamu.

Jlnst HaxoXKJeHusi OOIIEro pEeMIeHUs Haa0 peNIuTh XapaKTePUCTHIECKOE
ypaBHenue: A" + A A1+ A" 2+ o+ b, A+ h, =0.

1) Ecnu kopHU ypaBHEHUS pa3audHbl, TO 00IIee pEIICHHE UMEET BU/I:

y = CieM* + Cet* + oo + Cpe?n*

Ipumep: Haiiti obmee pemenue ypasaenns: y// — 2y/ — 3y = 0.

Peraem xapaktepucTideckoe ypapuenne (y/ = A):
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A2—-21-3=0
a=1,b=-2,c=-3
D=b%>—4ac=(-2)>—-4-1-(-3)=4+12=16

_ =b+yD _ —(=2)+V16 _ 2+4 _ 6

Al = - = 3
2a 21 2 2
-b—/D —(-2)-V16 2-4 2
AZ = = = = ——--= —1
2a 2-1 2 2

[loncTaBUM KOPHM ypaBHeHHs B (opmyny y = Cie’* 4+ C,et2¥ 4 - +
C,e’* u momyunm obee pemenne: y = Cye~ v + C,e3% = Cie™ + C,e3*,

2) Ecnu ypaBHeHME WMeEeT COBMHaBIIUE€ KOpHU A4 = A, = -+ A, = w, TO 3Ta
rpyIma KopHeii umeer obuee pemenne: ¥ = (C; + Cox + -+ + Cpx*71)e®*

Ipumep: Haiiti o61mee pemenne ypasuenus: y// — 6y/ + 9y = 0.

Pernaem xapakrepucTiyeckoe ypapaenue (y/ = A):

A2—61+9=0

a=1b=-6c¢c=9

D=b*—4ac=(—6)>—4-1-9=36-36=0

_— 3
2a 21 2

[oncraBuM KopHH ypaBHeHHs B GopMyny Y = (C; + Cyx + - + Cpx®71)e®*
1 nonyuum obee pentenue: y = (C; + Cpx)e3*

3) Ecnu xapakTepuCTHUECKOE MOKHO IpuBecTH K BuAy: (A — a)? + B2 = 0,
TO ofI11Iee perieHue umeet Bua: y = e “*(C; cos(Bx) +C, sin(Bx))

[Tpumep: Haiitu oO1iee penieHue ypaBHEHHUS: y/ / — 4y/ + 13y = 0.

Pernaem xapaktepucTideckoe ypapuenue (y/ = A):

A>—41+13=0

a=1b=—-4,c=13

D = b* —4ac = (—4)* —4-1-13 = 16 — 52 < 0 - KopHelii HeT.

T.K. ¢ MOMOIIBIO TUCKPUMHHAHTA HE TIOJYYHIIOCH PEIIUTh JIAHHOE ypaBHEHUE,
BBIJICTUM  TIOJIHBI ~ KBaJapaT  Pa3HOCTH H  BOCHOJb3yeMcs  (HhOpMYJION:
(a — b)? = a? — 2ab + b?

A2 —2-2-1422-224+13=0
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A1—-2)*-22+13=0

(1—-2)2-4+13=0

(A-2)2+9=0

(1=2)2+3%2=0

Takum obpazom a = 2, f = 3.

[ToacraBuM KopHHM ypaBHeHHs B hopmyny y = e**(C; cos(Bx) +C, sin(Bx))
¥ ToJTy4uM obiee pemenue: y = e2*(C; cos(3x) +C, sin(3x)).

4) Ecnn xapaKTepuCTHYECKOe MOXKHO MpuBecTH K BuAy: [(A — a)? + 2] =
0, To o011Iee pelIeHne UMEET BHI:

y =e*[(C; + Cyx + -+
+ Cex* 1) cos(Bx) +(Crpq +ChszX + - + CopxX Hsin(Bx)]

10. Pemuts nuddepenunansroe ypasuenue: y'/ —2y/// +y// = 0.

Pernaem xapakrepucTtiyeckoe ypapaenue (y/ = A):

A=222+22=0

A2 -22+1)=0

A2=21+1=0uwmA?> =0

a=1,b=-2,c=1umlz3, =0

D=b?>—4ac=(-2)>—-4-1-1=4—-4=0

2a 21 2

T.x. ypaBHeHHWE HWMEET pa3JIHYHBIC COBIABIIHE KOPHH, BOCIIOIB3yEMCS
dopmynoit y = (C; + Cox + - + Cix*1)e®* npa paza u nomyuum obiiee permeHue:
y = (C; + C,x)e’* + (C3 + Cux)el™ = (C; + Cx)e’ + (C3 + Cyx)e*

(C1+ Cyx) 14 (C3+ Cux)e* = Cy + Cox + (C5 + Cyx)e”™.
OtBet: y = C; + Cyx + (C3 + Cux)e”.
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BAPUAHTBI KOHTPOJIBHBIX PABOT

Bapmuanr 1.

1. Beriuncinre cyMMy U npousBeaeHne Matpui A u B:

4 1 1 5 2 1
A=<4 3 6), B=<3 2 8).
-2 3 =5 4 9 0

-5 —2)_

2. Haiinure oOpaTHyto Matpuily: A = ( c 3

2x+3y+2z=9
3. Pemuts cuctemy Meronom Kpamepa: {x +2y—3z=14
3x+4y+z=16

4. Haiigure KOOPJIMHATHI BEKTOpA AB + SC—D), ecm A(—1,3,-5), B(6,7,—8),
C(—4,4,8),D(13,7,-5).

5. OnpenenuTs BU KPUBOM BTOPOTO MOPSAAKA U JUIMHBI IIOJIyOCcel a U b:

x? — 49y? = 25,

. x%+x-2
6. Beruncnuth npenen pyakouu:  lim ————.
Xx>—2X%2+7x+10

7. BeluncnuTs npou3BoanHyto pynkuun: y = In(7x? + 3x3).

2 4
8. Beruncimte unterpai: [ — — — dx.
X X

9. Hamucate ypaBHEHHS KacaTelIbHOM M HOpMaiM K rpaduky (QyHKIUH
y = 6x(x + 1) B TOuKE X[ = —2.

10. Pemuts auddepenuunanshoe ypasuenue: y/// —y// —4y/ + 4y = 0.

Bapuanr 2.

1. Beiuncnute cymMMy U npousBeaeHue Mmatpuil A u B:

5 4 1 3 1 2
A= (—8 3 —1) , B= (O 4 —5>.
6 -5 7 3 -1 0

2. Haitnute oOpaTHYIO MaTpHUILy: (3 1).

5 2
8x — 2y — 6z = 32
3. Pemuth cucremy metonom Kpamepa: {6)6 — 4y + 3z = =21
x + 2y + 2z = -3
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4. Haiimure KOOpAMHATHI BEKTOpPA 6AB + 3C_D), ecm A(5,13,-5) ,

B(10,—1,-4),C(14,—4,5), D(-3,17,15).

5. OnpenenuTh BUA KPUBOH BTOPOTO MOpPSAKA W JTMHBI TOJyoceld au b :

2
x2+L=1.
4

x2—-5x+6
x2-9

6. Boruncnute npeaen GyHKuu: lirn3
X—

7. BBIUMCIHTB TIPOM3BOIHYIO ByHKIMH: y = /arccos 9x.
8. Beruuciure unterpan: [ cosx + v6x — 2 dx.

9. Hamucarp ypaBHeHHMS KacaTeIbHOM M HOpMad K rpapuky GyHKUUU

y = x3(2x — 1) B Touke x, = —1.

10. Pemuts muddepenuuansoe ypasenue: y// +y/ — 2y = 0.

Bapmuanr 3.

1. Beruucnure cymmy u npousBenieHne Matpui A u B:

5 4 1 -6 4 0
A= (—8 3 —1> , B= ( 1 -5 9).
6 -5 7 4 7 5

-2 0
s 1)
3x1 — x; +x3 =12
3. Pemuth cuctemy merogom Kpamepa: {le +x, +2x3 =3
X1+ Xy +2x3 =3

2. Haitnute oOpaTHYIO MaTpHUILy: (

4. HaiiguTe KOOpPAMHATBHI BEKTOpa 34B — CD, ecu A(0,1,—15), B(1,6,—7),

C(—4,—4,-6),D(-3,1,8).

5. OnpenenuTh BHUA KPUBOW BTOPOTO MOPSAKAa W JJIMHBI TOJyoceld au b:

xX+2

6. Beruucaute npeaen GyHkuuu: lim ————.
pel (by 1l X——2x%2-6x-16

7. BBIYMCINTS MPOM3BOAHYIO GYHKIMK: ¥ = ctg x + 2x3 — 2%,
8. Boruucnure unterpan: [ x” — 3sinx + 2 dx

9. HanucaTpk ypaBHEHHUsI KacaTeJIbHOW U HOpMaJK K rpaduky ¢yHKIIUU
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y = (x — 1)(x + 1) B Touke x, = —3.
10. Pemmmuts nuddepennuansroe ypasaenune: y// + 4y/ — 5y = 0.

Bapmuanr 4.

1. Berunciure cyMMy U nnpousBeaeHrne Mmatpun A u B:

3 9 10 -6 4 0
A=|-7 -3 —-4), B=|1 =5 9|
5 -2 -1 4 7 5
. (—4 3
2. Haiinure 0OpaTHYIO MaTpHILy: ( 5 _ 1).
2x1 + 3x2 - 4X3 =3

3. Pemuth cuctemy merogom Kpamepa: {3)61 —4x, + 2x3 = =5
le + 7x2 - SX3 =13

4. Haiinute KOOpAWHATHI BEKTOPA AB — 8C—D), ecm A(1,3,2), B(10,-3,6),
c(12,-1,4),D(-3,7,5).
5. OnpenenuTsb BU KPUBOM BTOPOIo MOPSAKA U JIJIMHBI OJIyOocel a u b:

64x% — y? = 100.

. x%-4
6. Beruncnuth npenen Gpyakmuu:  lim :
x—2 X2+x—6

7. BEIMUCIUTB IPOM3BOAHYIO GYHKIUH: Yy = x2 - Sin X.

8. Beruncnute unterpan: [ 9x® — 3e* + 5 dx

9. Hamucare ypaBHeHHS KacaTeIbHOM M HOpMad K rpaduky GyHKIUU
y = x(x? — 1) B Touxe x, = 1.

10. Pemuts auddepennunansuoe ypasaenne: y// +2y/ +y = 0.

Bapuanr S.

1. Beruucnure cymMmmMy U pousBeneHrue MaTpul A u B:

3 9 10 2 1 0
A= (—7 -3 —4) , B= ( 3 =5 —1>.
5 -2 -1 -2 3 0
. (5 4
2. Haligute oOpaTHYIO MaTpUILy: ( )

-1 1
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2x—7y+5z=9
3. Pemuts cuctemy metonom Kpamepa: { x + 5y — 5z = —2
4x — 2y + 7z = 24

4. Haiinute KOOpAUMHATHI BEKTOPA AB — 6C_D), ecoim A(4,8,—-2), B(11,—4,5),
c(4,-7,0),D(13,-9,1).
5. OnpenenuTth BUA KPUBOM BTOPOTO MOPSIAKA U ITTMHBI TIOJIyoceit a u b:

81x? + 25y% = 1.

. x*-36
6. Boruncnute npeaen Gpynkuuu: lim :
x—6 X—6

Inx

7. BbIYMCIUTD MPOU3BOAHYIO QYHKIUU: Y = p—

8. Berunciute unTerpan: [ cos 3x —+/3x + 6 dx

9. Hanmcatp ypaBHEHUs KacaTeIbHON U HOPMaIK K TpaduKy QyHKITUH
y =(3x —1)(x + 1) B TOUKE X[ = 2.

10. Pemnts muddepenuuansroe ypapuenue: y// — 7y’ + 10y = 0.

Bapwuanr 6.

1. Beruucnure cymmy ¥ nmpousBeneHue Matpui A u B:

3 7 -8 2 1 0
A=(O 5 4>,B=<3 -5 —1).
-2 3 -1 -2 3 0

2. Haitnute oOpaTHYIO MaTpHUILY: (g ;)

le+3xZ_X3 =0
3. Pemuts cucremy metogom Kpamepa: {xl —2xy +4x3 =9
Xy + X3 = 2

4, Haiimute KOOpAWHATHI BEKTOpa 4AB — 2CD , ecm A(2,1,—4) ,
B(4,-8,-6),€(0,-12,3), D(—4,5,7).

5. Onpenenuth BUJ KPUBOW BTOPOTO MOPSIIKA U JJIMHEI TIOJyoced a U b:
2
144x% — 2 =1,
169

5x2-3x+2

6. Beruucautes npenen byakuuu: lim ———.
pel (by 1 X—o0 2X2+4x+1

7. Berancmuts npousBoanyto Gynkuun: y = (3x2 — 2tgx)°.
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1 1

— x>dx.
cos?x = 1+x2

8. Boruuciute unTerpan: [

9. Hamucare ypaBHEHHMs KacaTe€IbHOM M HOpPMaJId K rpapuky (QyHKUUU

y = 6x — x? B TOukKe Xo = —1.

196

10. Pemuts nuddepennpmansroe ypasaenune: y// + 4y/ + 4y = 0.

Bapuanr 7.

1. Beiuncnure cyMMy U npousBeaeHne Matpul A u B:

3 7 -8 -7 1 1
A=(0 5 4), B=<6 0 3>.
-2 3 -1 -2 5 —4

2. Haiinure oOpaTHYIO MaTpHILy: (g _1 1).

x+3y+4z=17
3. Pemuts cuctemy merogom Kpamepa: {ZX —3y+5z=16
3x+4y—z=7

4. Haiigute KOOpAMHATHI BEKTOpA 4AB + CD , ecm A(15,—16,5) ,
B(20,-10,—4),C(—-4,—-11,15), D(-7,10,5).

5. OnpenenuTh BHUA KPUBOM BTOPOrO MOpPSAKAa W JUTMHBI Tojlyoced au b:

2
—+y? =1,

3x+6
x%2-9

6. Beruncnuth npenen ¢pyukmuu:  lim
X—0

7. BerYucnuTh MPOU3BOAHYIO QYHKIIUU: Y = xis —3x + % — 10.

1 1

sin?x 1-x2

8. Boruucnure unterpan: [ — 6x° dx

9. HanucaTh ypaBHEHHUs KacaTelIbHOM ¥ HOpManu K TpaduKy QYHKIUK
y = 2x + 2x? — 4 B Touke X, = 1.

10. Pemnuts nuddepenumanshoe ypasuenune: y!v + 7y/// + 12y// = 0.

Bapuanr 8.

1. Beruucnure cymMmmMy U pou3BeneHUE MaTpull A u B:
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6 0 -5 -7 1 1
A=<—1 4 8),B=<6 0 3>.
2 2 =2 -2 5 —4

2. Haiinure 0OpaTHYIO MaTpHILy: (_21 _68)

2x+2y—4z=6
3. Peuts cuctemy metonom Kpamepa: { x+3y—5z=6
3x —2y+6z2=26

4. Haligure KOOpPAWHATHI BEKTOpa 7AB — CD , ecm A(2,0,—-3) ,
B(10,-5,-6),C(5,—-8,7), D(—2,1,—-16).

5. Onpenenuthb BUJ KPUBOM BTOPOTO MOPSIIKA U AJIMHBI OJyoced a U b:

25x% — y% = 144.

7x3—5x+6

6. Beruucimute npenen Gyskuuu: lim —;
x—owo X°—3

sinx

7. BeruyncnuTh MPOU3BOAHYIO QYHKIUU: Y =

8. Boruucnure unterpan: [ 4% + - Vx> dx

x%2—4

9. HammcaTh ypaBHEHHS KacaTeNbHONW M HOPManM K TpapuKy (YHKIHH
y = x° + 2x% B Touke x5 = —1.

10. Pemnts muddepenimansaoe ypasaenue: y'’ — 25y// = 0

Bapuanr 9.

1. Beruucnure cymMMy U Npou3BeieHUEe MaTpull A u B:

7 3 -1 -7 1 1
A=<—6 1 0>,B=<6 0 3).
1 -3 5 -2 5 —4

2. Haiimute oOpaTHyIO MaTpHUIly: (_3 _4).

5 6
3x1 + 4-x2 + SX3 = 22
3. Pemuth cuctemy merogom Kpamepa: {x1 — 3x, — 6x3 = -9
le + 4-x2 - 4X3 = 10

4. HaiiguTe KOOpPAMHATHI BEKTOpa 4AB — SEﬁ, ecm A(—5,1,6), B(8,—3,4),
C(—-12,—6,-5), D(—3,-7,15).
5. Onpenenuth BUJ KPUBOW BTOPOTO MOPSIIKA U JJIMHEI TIOJyoced a U b:
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49x? + 36y? = 100.

7x0—x*

6. Beruncnuts npenen Gpynknuu: lim — :
x—o X°—x+4

7. Beruucnuth npou3BoAgHyto GpyHkuuu: y = 3 sin 2x — 2 cos 3x.

1 x
8. BeruncanTe UHTErpa: + —e¥dx
p ‘IVx2—16 9+x2

9. Hanucatp ypaBHEHUS KacaTeIbHOM U HOpMaJM K rpaduky GpyHKIuu
y = x* — 3x% + 1 B ToUKE X = 2.

10. Pemuts nuddepenuumansroe ypasaenune: y/// + 7y// +12y/ = 0.

Bapmuanr 10.

1. Beiuncnure cyMMy U Npou3BeAeHue Matpul A u B:

7 3 -1 0 4 5
A=(—6 1 0>,B=<3 2 —3).
1 -3 5 -1 -1 2

2. Haitnute oOpaTHYIO MaTpHUILy: (_26 _54)

2x—y+2z=3
3. Pemuth cuctemy metogom Kpamepa: { x+y+2z=—-4
4x+y+4z =-3

4. Haiigure KOOPAMHATHI BEKTOpa 5AB — 6CD , ecm A(6,3,—15) ,
B(0,1,-14),C(7,6,5),D(—2,12,13).
5. Onpenenuthb BUJ KPUBOW BTOPOTO MOPSIIKA U JJIMHBI TTOJTyocel a U b:

64x% — 121y? = 256.

4x2+9x

6. Beruncnute npenen Gpynkoun:  lim :
x—o0 8X2%—3x

7. BBIYMCINTE MPOM3BOIHYIO QYHKIUM: ¥ = X2 - tgx.

8. Beruncnute unterpan: [ shx 4+ V5 — 2x + x? dx
9. Hanucate ypaBHEHHsS KacaTeJIbHOM M HOpMald K Tpaduky (yHKIUU
y = x3 — 2x* B Touke x, = 1.

10. Pemmts muddepennmansaoe ypasaerne: y// — 8y/ + 16y = 0.
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HPUJIO’KEHHUE 1
OBPA3EIl OBJIOKKHU TETPAJIU KOHTPOJIBHOM PABOThI

®EJAEPAJIBHOE ATEHTCTBO I10 PBIBOJIOBCTBY
«BJ1agAMBOCTOKCKM MOPCKOM PhIOONPOMBILICHHBIH KOJJIEIH))
dbenepaibHOTr0 roCyJIapCTBEHHOTO OOKETHOT'O 00Pa30BaTEIbHOIO YUPEKACHUS
BBICILIETO 00pa30BaHUs
«/lanbHEBOCTOUYHBII rOCY1apCTBEHHBIN TEXHUUYECKUI phIO0X03SICTBEHHbIN
YHUBEPCUTET
(«BMPK» ®I'BOY BO «/lanbpbeiOBTY3»)
3AOYHOE OBYYEHUME
Braousocmox, yn. Kuposa, 93

KOHTPOJIBHAS PABOTA
0 TUCITUTIIINHE Marematuka
BapUaHT

CHEUUATTBHOCTH

Kypc _ mudp
®.1.0.
KontponbHas paboTa mojiydeHa Ha 3a04HOM OTACICHUH « » 20 r.
Orenka paboThI
[IperogaBarens / /
JlaTa mpoBEPKHU « » 20 r.
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